Section 4.3
Properties of Functions



One-to-One Functions

* A function is one-to-one if whenever f(a) = f(b), thena = b

 One-to-one functions are also called injective

* Example:
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If f is a one-to-one function that matches rabbits to rabbit-holes, then
every rabbit-hole has at most one rabbit. (All rabbits are lonely)



One-to-One Functions

 Example: Let f: Z — Z such that f(x) = x2. Is f one-to-one?



One-to-One Functions

 Example: Let f: Z — Z such that f(x) = x2. Is f one-to-one?

* No, because there are two integers that are mapped to 1:

F) =f(-1) =1



One-to-One Functions

* Example: Let f: Z — Z such that f(x) = x + 1. Is f one-to-one?



One-to-One Functions

* Example: Let f: Z — Z such that f(x) = x + 1. Is f one-to-one?

* Yes, because if f(x) = f(y),thenx +1 = y + 1 and therefore
X =y



Onto Functions

* Let f be a function from set A4 to set B.

* fisonto if for each b € B, thereis atleastonea € A suchthat f(a) = b
* Onto functions are also called surjective

* Example:
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If f is an onto function that matches rabbits to rabbit-holes, then every
rabbit-hole has at least one rabbit. (There are no empty rabbit-holes)



Onto Functions

e Example: Let f: N = N such that f(x) = x + 1. Is f onto?



Onto Functions

e Example: Let f: N = N such that f(x) = x + 1. Is f onto?

* No. There is no positive natural number n such that f(n) =0



Onto Functions

e Example: Let f: Z — Z such that f(x) = x + 1. Is f onto?



Onto Functions

e Example: Let f: Z — Z such that f(x) = x + 1. Is f onto?

* Yes. Consider anyn € Z. Since n is an integer, n — 1 is also an integer
and f(n—1)=n



One-to-one Correspondence

* If a function f is both one-to-one and onto, then f is a one-to-one
correspondence

* One-to-one correspondences are also called bijective

* Example: e ol
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If f is a one-to-one correspondence that matches rabbits to rabbit-holes,
then every rabbit-hole has exactly one rabbit.
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Summary

Let f: A —» B be afunction from Ato B

* Show that f is one-to-one by showing that if f(a;) = f(a,) where a,a, €
A, thena; = a,

* Show that f is NOT one-to-one by showing a,a, € 4,a; # a, and f(a;) =

f(az)

* Show that f is onto by showing that for each b € B, thereisan a € A such
that f(a) = b

* Show that f is NOT onto by showing that there isa b € B, such that for each
a€A, f(a)#b



Examples

Let f:{a,b,c,d} - {1,2,3,4,5} where

fla) =4
fb) =5
fle)=1
fld) =3

Is f one-to-one (injective)?



Examples

Let f:{a,b,c,d} - {1,2,3,4,5} where

fla) =4
fb) =5
fle)=1
fld) =3

Is f one-to-one (injective)?
Yes



Examples

Let f:{a,b,c,d} = {1,2,3} where

fa) =3
f(b) =2
fle)=1
fld) =3

Is f onto (surjective)?



Examples

Let f:{a,b,c,d} = {1,2,3} where

fa) =3
f(b) =2
fle)=1
fld) =3

Is f onto (surjective)?
Yes



Examples

Let f: R = R where for any pair of real numbers x and y:
x<y-fx)<f)

Is f one-to-one (injective)?



Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y
Proof by contrapositive:



Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y

Proof by contrapositive:
1. Assume f:R - R suchthatx <y - f(x) < f(y)



Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y

Proof by contrapositive:
1. Assume f:R — R suchthatx <y - f(x) < f(y)
2. Assume that it is notthe casethatx =y



Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y

Proof by contrapositive:
1. Assume f:R - R suchthatx <y - f(x) < f(y)
2. Assume that it is notthe casethatx =y
3. Therearetwocases:x <yandy <x



Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y
Proof by contrapositive:

1.

2.
3.
4.

Assume f:R - R suchthatx <y - f(x) < f(y)
Assume that it is not the case thatx =y
Therearetwocases: x < yandy < x

Without loss of generalization, assume x < vy



Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y
Proof by contrapositive:

1.
2. Assume that it is notthe casethatx =y
3. Therearetwocases:x <yandy <x

4,
5

Assume f:R - R suchthatx <y - f(x) < f(y)

Without loss of generalization, assume x < vy

fx) <fQ)



Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y
Proof by contrapositive:

1.
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Assume f:R - R suchthatx <y - f(x) < f(y)
Assume that it is not the case thatx =y
Therearetwocases: x < yandy < x

Without loss of generalization, assume x < vy

fOx)<f)
It is not the case that f(x) = f(y)



Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y

Proof by contrapositive:
1. Assume f:R - R suchthatx <y - f(x) < f(y)
Assume that it is not the case thatx =y
Therearetwocases: x < yandy < x
Without loss of generalization, assume x < vy
fOx)<f)
It is not the case that f(x) = f(y)
If it is not the case that x = y then it is not the case that f(x) = f(y)
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Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y

Proof by contrapositive:
1. Assume f:R - R suchthatx <y - f(x) < f(y)
Assume that it is not the case thatx =y
Therearetwocases: x < yandy < x
Without loss of generalization, assume x < vy
fOx)<f)
It is not the case that f(x) = f(y)
If it is not the case that x = y then it is not the case that f(x) = f(y)

() = f(y) thenx = y
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Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y

Proof by contrapositive:
1. Assume f:R - R suchthatx <y - f(x) < f(y)
Assume that it is not the case thatx =y
Therearetwocases: x < yandy < x
Without loss of generalization, assume x < vy
fOx)<f)
It is not the case that f(x) = f(y)
If it is not the case that x = y then it is not the case that f(x) = f(y)
ff(x) =f(y)thenx =y
f isinjective
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Examples

Yes. Recall that for f to be injective, f(x) = f(y) > x =y

Proof by contrapositive:
1. Assume f:R - R suchthatx <y - f(x) < f(y)
Assume that it is not the case thatx =y
Therearetwocases: x < yandy < x
Without loss of generalization, assume x < vy
fOx)<f)
It is not the case that f(x) = f(y)
If it is not the case that x = y then it is not the case that f(x) = f(y)
ff(x) =f(y)thenx =y
f isinjective
10.If f:R = R suchthatx <y — f(x) < f(y), then f is injective
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Examples
Let f: Z > Z where f(x) = x*

Is f onto (surjective)?



Examples
Let f: Z > Z where f(x) = x*
Is f onto (surjective)?

No. There is no integer x such that f (x) = 2



Examples

s the floor function |:|: R = Z one-to-one (injective)? Is it onto (surjective)?



Examples

s the floor function |:|: R = Z one-to-one (injective)? Is it onto (surjective)?
It is not one-to-one because |1.1] = |1.2] =1

Itisonto. Foranyn € Z, [n| =n



Examples

1
X

Let f:ZT - R" where f(x) =

Is f one-to-one (injective)? Is it onto (surjective)?



Examples

1
X

Let f:ZT - R" where f(x) =

Is f one-to-one (injective)? Is it onto (surjective)?

f isone-to-one. If f(x) = f(y), theni = %and hencex =y

f is not onto. There is no positive integer x such that f(x) = 2



Examples

1
X

Let f: RY - R where f(x) =

Is f one-to-one (injective)? Is it onto (surjective)?



Examples

Let f: RY - R where f(x) = -

X

Is f one-to-one (injective)? Is it onto (surjective)?

f isone-to-one. If f(x) = f(y), theni = %and hencex =y

f is onto. For any n € R, it is the case that% ER".Sof (%) =5=n
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Inverse Functions

 Sometimes, we want to undo or reverse a function by using
another function.

* Let f:A - B be aone-to-one correspondence
 If whenever f(a) = b, g(b) = a:

* 9g(f(a)) =a

* Function g is the inverse of function f

* Since g is a function, g:B — A

* In general, we denote the inverseof fasf~1:B - A



Inverse Functions

* Not all functions have inverses
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* Only one-to-one correspondences have inverses
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Invertible Functions

* Because one-to-one correspondences have inverses, they are
sometimes called invertible



Invertible Functions

Sometimes being invertible depends on the domain and codomain
of a function

f:Z — Z where f(x) = x + 1is invertible

f:Z" - Z*where f(x) = x + 1is NOT invertible
g: Rt > RTwhere g(x) = x* is invertible

g: R — R where g(x) = x? is NOT invertible
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