Section 8.17/
Divide-and-Conquer Recurrence
Relations



A Review of Recurrence Relations for Divide-and-Conquer
Algorithms

* Recall the recurrence relations that describe the number of operations
used by some divide-and-conquer algorithms (Sections 8.13 and 8.14)

* Finding the minimum of a sequence:
T(1) =2
T(n) =2T(n/2) + 8



A Review of Recurrence Relations for Divide-and-Conquer
Algorithms

* Merge Sort:
T(1) =2
T(n) =2T(n/2) + 0(n)

* Note:T(n) =2T(n/2) + O(n) meansT(n) = 2T(n/2) + f(n) for
some function f(n) thatis ©(n)



A Review of Recurrence Relations for Divide-and-Conquer
Algorithms

* Binary Search:
T(1) =3
T(n) = Tn/2)+9



Divide-and-Conquer Recurrence Relation

* Many recurrence relations counting the number of operations for
divide-and-conquer algorithms are of the form:

T(1) =c
T(n) = aT(n/b) + ©(n%)

where T(n) = aT(n/b) + @(nd) means T(n) = aT(n/b) + f(n) for
some function f(n) that is @(n4)



The Master Theorem

Consider a recurrence relation and initial condition of the following form
where a, b, ¢, and d are constants:

T(1) =c
T(n) =aT(n/b) + @(nd)

1. Ifa/b% =1,thenT(n)is® (ndlog(n))
2. Ifa/b% < 1,then T(n)is O(n?)
3. Ifa/b% > 1, then T(n) is ©(n'o9r(@))



Master Theorem Examples

Example 1: The number of operations used by divide-and-conquer algorithm
for finding the minimum of a sequence of length n is:

T(1) =2
T(n) =2T(n/2) + 8
Note 8 is O(n?)
a=2,b=2,d=0

a/bt=2/(20)=2>1

T(n) is ©(n'092(2))
T(n)is O(n)



Master Theorem Examples

Example 2: The number of operations used by Merge sort on a sequence of
length n is:

T(1) =2
T(n) =2T(n/2) + 0(n)

a/b* =2/2Y) =1

T(n)is®(n-log(n))



Master Theorem Examples

Example 3: The number of operations used by binary search on a sequence
of length n is:

T(1) =3
Tn)=Tn/2)+9

a/b? =1/(2°) =1

T(n)is ©(logz(n))



Building a Recursion Tree

* Example: Consider an algorithm that uses the following number of
operations for inputs of size n:

T(1) =1
T(n) = 3T(n/2) + n°

Build a tree that describes the calculation of T (n)



Building a Recursion Tree
T(1)=1

T(n) = 3T(n/2) +n°
T(n)



Building a Recursion Tree
T(1)=1

T(n) = 3T(n/2) +n°
T(n/2) +T(n/2) + T(n/2) +n®



Building a Recursion Tree
T(1)=1

T(n) = 3T(n/2) +n°

T(n/2) T(n/2) T(n/2)



Building a Recursion Tree
T(1)=1

T(n) = 3T(n/2) +n°

nS

3T(n/4) + (n/2)° 3T(n/4) + (n/2)> 3T(n/4) + (n/2)°



Building a Recursion Tree
T(1)=1

T(n) = 3T(n/2) +n°

nS

(n/2)° (n/2)° (n/2)°

T(n/4) T(m/4) T(n/4)  T(n/4) T(n/4) T(n/4) T(n/4) T(n/4) T(n/4)



Building a Recursion Tree
T(1)=1

T(n) = 3T(n/2) +n°

nS

(n/2)° (n/2)° (n/2)°

(n/4)° (/4> (/49>  @/HD° /9° (/4)° m/4)°> (n/4)° (n/4)°



Building a Recursion Tree
T(1)=1

T(n) = 3T(n/2) +n°

nS

(n/2)° (n/2)° (n/2)°

(n/4)° (/4> (/49>  @/HD° /9° (/4)° m/4)°> (n/4)° (n/4)°

111111111 ---



T(1) =1
T(n) = 3T(n/2) +n°

(n/4)°

Building a Recursion Tree

(n/2)°

(n/4)° (n/4)°

nS

(n/2)°

m/4)°> (n/4)° (n/4)°

111111111 ---

(n/4)°

(n/2)°

(n/4)° (n/4)°

30 (n/2°)°

31.(n/2%)°

32 (n/22)

3k (n/ZL)5
L =log,(n)



T(1) =1
T(n) = 3T(n/2) +n°

(n/4)°

Building a Recursion Tree

(n/2)°

(n/4)° (n/4)°

(n/2)°

nS

m/4)°> (n/4)° (n/4)°

111111111 ---
log,(n)
T(n) = Z 3i-(n/2i)

i

0

5

(n/4)°

(n/2)°

(n/4)° (n/4)°

30 (n/2°)°

31.(n/2%)°

32 (n/22)

3k (n/ZL)5
L =log,(n)



Analyzing the Recursion Tree
T(1)=1
log,(n)

T(n) = 3T(n/2) +n® T(n) = z 3. ("/Zi)s

=0



Analyzing the Recursion Tree

T(1) =1
log,(n)
T(n) = 3T(n/2) +n® T(n) = gz: 3. ("/Zi)s
i=0
log,(n)

— 2 3i'7’l5/25i
i=0



Analyzing the Recursion Tree
T(1)=1

log,(n)
T(n) = 3T(n/2) +n° :

>3t (w2’

i=0
log,(n)

— 2 3i'7’l5/25i
i=0

log,(n)

=Tl5 . z 3i/25i

=0

T(n)



T(1) =1
T(n) = 3T(n/2) +n°

Analyzing the Recursion Tree

log,(n)
>3t (2’
=0

loga(n)

— 2 3i'7’l5/25i
i=0

log,(n)

=Tl5 . z 3i/25i
i=0

log,(n) _

=nS. 2 (3/28)

i=0

T(n)



Analyzing the Recursion Tree
T(1)=1

log,(n)
T(n) = 3T(n/2) +n° :

D3t (w2t
=0
log,(n)

— 2 3i'7’l5/25i
i=0

log,(n)

=Tl5 . z 3i/25i

i=0
log,(n)

=5 . 2 (3/25)"
=0

T(n)

G - _ Logs(m) |
eneralize: T(1) =1 () = nd Z (a/b)
T(n) = aT(n/b) + n¢ i=0



Solving the Recursion Tree

T(1) =1 logp(n) |
— nd. d)*
T(n) = aT(n/b) + n? T(n) =n z (a/b%)

=0

Let 7 = a/b? (r is a constant determined by the form of the algorithm) and
m = log,(n). There is a closed form solution for the sum of exponents:

Consider 3 cases:

1. r=1
2. r>1
3. r<1



Solving the Recursion Tree

1. a/b=1

logp(n)

T(n) =nd z (a/b%)’

l:
logp(n)

d

=n"- 1

g

=0
=n%(log,(n) +1)

Hence T(n) is © (ndlog(n))



Solving the Recursion Tree

T(1) =1 logp(n) |
— nd. d)*
T(n) = aT(n/b) + n? T(n) =n z (a/b%)

=0

Let 7 = a/b? (r is a constant determined by the form of the algorithm) and
m = log,(n). There is a closed form solution for the sum of exponents:

m +1

Ty =nd. Y=l
— r—1
=

Whenr # 1



Solving the Recursion Tree

2. a/b?<1
Letr = a/b% and m = log, (n)

Use the closed form solution: Y./t ! = —)



Solving the Recursion Tree

2. a/b?<1
Letr = a/b% and m = log, (n)

Use the closed form solution: Y./t ! = —)

m

T(n) =nd-Zri

=0



Solving the Recursion Tree

2. a/b? <1
Letr = a/b% and m = log, (n)
. m+1_
Use the closed form solution: Y™ ri == 1
r—1
m
T(n) =n z rt
i=0
rm+1 _ 1 _1
=nd.

r—1 .—1



Solving the Recursion Tree

2. a/b?<1
Letr = a/b% and m = log, (n)

Use the closed form solution: Y./t ! = —)

m
T(n) =nd-Zri
i=0
T'm+1—1 _1
r—1 -1
1—Tm+1

1—r7r

d.

—n

d.

—nNn



Solving the Recursion Tree

2. a/b?<1
Letr = a/b% and m = log, (n)

Use the closed form solution: Y./t ! = —)

m
T(n) =n? z rt
i=0
rmtl —1 —1

r—1 -1
1—Tm+1

d.

—n

d.

—n 1— 7 T 1 _mH




Solving the Recursion Tree

2. a/b?<1
Letr = a/b% and m = log, (n)

Use the closed form solution: Y./t ! = —)

m
T(n) =n? z rt
i=0
rmtl —1 —1

r—1 -1
1—Tm+1

d.

—n

d.

= n 1_r 1 — p0+1 1 _ mt1

<
1—r 1—r




Solving the Recursion Tree

2. a/b?<1
Letr = a/b% and m = log, (n)

Use the closed form solution: Y./t ! = —)

m
T(n) =n? z rt
i=0
rmtl —1 —1

r—1 -1
1—Tm+1

d.

—n

d.

= n 1_r 1 — p0+1 1 _ mt1

<
1—r 1—r




Solving the Recursion Tree

2. a/b?<1
Let 7 = a/b% and m = log,(n)

Use the closed form solution: ),/ 1t = —)

m
T(n) = n¢ -Zri

=0

T'm+1 -1 —1

r—1 -1
1—Tm+1

d.

—nNn

d.

= n 1_T _1_1,.O+1 1_7,.m+1 1—-0

— < <
1—-r = 1-—r 1—r1r

Note: sincer < 1, r™*1 « 1



Solving the Recursion Tree

2. a/b?<1
Letr = a/b% and m = log, (n)

Use the closed form solution: Y./t ! = —)

m
T(n) =n? z rt
i=0
rmtl —1 —1

r—1 -1
1—Tm+1

d.

—n

d.

—nNn

1 —17r 1—9y0t1 1 —_ym+l  1_90 1
1—7r 1—7r 1—-r 1-—a/bd




Solving the Recursion Tree

2. a/b?<1
Letr = a/b% and m = log, (n)

Use the closed form solution: Y./t ! = —)

m
T(n) =n? z rt
i=0
rmtl —1 —1

r—1 -1
1—Tm+1

d.

—n

d.

—nNn

1 —17r 1—9y0t1 1 —_ym+l  1_90 1
1—7r 1—7r 1—-r 1-—a/bd

Hence T(n) is ©(n?)



Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)



Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

T(n) =n¢ -iri

=0



Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

T(n) =n¢ -iri




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

T(n) =n¢ -iri




Solving the Recursion Tree

3. a/b%>1
Let 7 = a/b% and m = log,(n)
T(n) =n%- ) r!
%
7,.m+1_1
=nd- — rm Zé.r-rm whenm =1

—nd. @(rm+1)

=n%.00™)




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

m

T(n) =n¢ -ZTi

=0
7,.Tn+1 _ 1

cr-r™m whenm=>1

3
[V
N |l-= X =

r—1 r
—nd. @(rm+1)

. emt1 >
= nd.@@rm) r whenm > 1

A%




3.

a/b? > 1

Letr = a/b% and m = log, (n)

T(n) =n¢.

Solving the Recursion Tree

m

=0
7,.Tn+1 _ 1

r—1

) @(T’m+1)
-O(r™)

whenm > 1

whenm > 1

. 1
for withesses ¢ = ”

andmy =1




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)
m
T(n) =n? -ZTi
i=0
m+1 _
_ d T 1 - 1
r—1 T >_—.r.rMm whenm=>1
r
—nd. @(rm+1) 1
. ,Mm+1 >
=n?.00™) Zr A whenm > 1
r™m s Q(rmtl - _1
—nd.0 ((a/bd)logb(")> ( ) for witnesses ¢ »
andmy =1




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)
m
T(n) =n? -ZTi
i=0
m+1 _
_ d T 1 - 1
r—1 T >_—.r.rMm whenm=>1
— nd ,@(rm+1) ;
d m >—.rmtl  whenm >1
=n%-0(r™) r
—n?.0 ((a/bd)logb(n)> ™ is Q™) for witnesses ¢ = %
andmy =1

d alogb(n)
=n"-0 plogp(n)-d



Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

d alogb(n)
T(n) =n%-0 H1ogs (04




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

d alogb(n)
T(n) =n%-0 H1ogs (04

alogb(n)
=n?.0 =
(blogb(n))




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

d alogb(n)
T(n) =n%-0 H1ogs (04
alogb(n)
=n?.0 =
(blogb(n))

d (alogb(n)>
=n“-0 5
n




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

d alogb(n)
T(n) =n%-0 H1ogs (04
alogb(n)
=n?.0 =
(blogb(n))

d (alogb(n)>
=n“-0 5
n

— @(alogb(n))




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

d alogb(n)
T(n) =n%-0 H1ogs (04
alogb(n)
=n?.0 =
(blogb(n))

d (alogb(n)>
=n“-0 5
n

— @(alogb(n))
= @(nlogb(a))




3.

Solving the Recursion Tree

a/b? > 1

Letr = a/b% and m = log, (n)

T(n) =nd-®<

alogb (Tl)

plogp(n)-d

|

alogb(n)
=n?.0 =
(blogb(n))

d (alogb(n)
=n“-0 5
n

— @(alogb(n))
= @(nlogb(a))

|

|

log(x¥) =y-log(x)




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

d alogb(n)
T(n) =n%-0 H1ogs (04

alogb(n)
=n?.0 =
(blogb(n))

alogb(n)
=n%.0 -
n log(x¥) =y-log(x)

— @(alogb(n))
= @(n'o9r(@) logy(n) - logy(a) = logp(a) - logy(n)




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

d alogb(n)
T(n) =n%-0 H1ogs (04

alogb(n)
=n?.0 =
(blogb(n))

alogb(n)
=n%.0
d
n log(x¥) =y-log(x)
— @(alogb(n))
= @(n'o9r(@) logy(n) - logy(a) = logp(a) - logy(n)

lOgb (alogb(n)) = logb (nlogb(a))




Solving the Recursion Tree

3. a/bt>1
Letr = a/b% and m = log, (n)

d alogb(n)
T(n) =n%-0 H1ogs (04

alogb(n)
=n?.0 =
(blogb(n))

alogb(n)
=n%.0
d
n log(x¥) =y-log(x)
— @(alogb(n))
= @(n'o9r(@) logy(n) - logy(a) = logp(a) - logy(n)

lOgb (alogb(n)) = logb (nlogb(a))

alogp(m)  — plogp(a)




The Master Theorem

Consider a recurrence relation and initial condition of the following form
where a, b, and d are constants:

T(1) is a constant
T(n) =aT(n/b) + @(nd)

1. Ifa/b% =1,thenT(n)is® (ndlog(n))
2. Ifa/b% < 1,then T(n)is O(n?)
3. Ifa/b% > 1, then T(n) is ©(n'o9r(@))
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