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0 -1 5 2. _ _
| 2 =
A (7 5 90 100) is a 2 X 4 matrix (or A is of order

2 x4).
» Note that a 2 X 4 matrix is not the same as a 4 x 2 matrix.
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Matrices

» In general, a matrix A of the order m X n means:

a1 d12 -+ aln

ap1 a2 -+ axp
> A=

Adml adm2 " dmn

» aj; is the element of A in row i/ and column j.
> row / is the elements aj1a;0 - - - ajn.

» column j is the elements ajjaz; - - - am;.
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> If a matrix has only one column, then it is a column vector.
7

> Example:
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Matrices

> A 1 x 1 matrix is called a scalar.
» Example: (7)
» A matrix that has 0 for all of its entries is a null matrix.
0 --- 0
»> Example: | : :
0 --- 0
» If a matrix has the same number of rows as columns, then the
matrix is said to be a square matrix.

» In other words, if a matrix is n X n for some integer n > 0,
then it is a square matrix.
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Matrices

» The main diagonal of a matrix consists of the elements
whose row and column indices are the same.
a1l a2 di13 di4
p |32t a2 a3 ax
a31 d32 d33 a3
d41 a42  d43  daq
» The main diagonal is defined for both square and non-square
matrices. However it is more interesting and more commonly
used in the case of square matrices.
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» The identity matrix is a square matrix that has 1s on the
main diagonal and Os everywhere else.

» An identity matrix of order n x n is denoted /,.
1 000

> Example: I; =

o O O
O O =
o = O
= O O
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P> A diagonal matrix is a square matrix such that every element
that is not on the main diagonal is 0 (elements on the main
diagonal can be 0 or non-zero).

> A n x n diagonal matrix is denoted by D,,.

-1 00
» Example: D3 = 0 50

0 7
0
0
5

» Example: D3 =

O ON
o O O
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P> A lower triangular matrix is a square matrix that may only
have nonzero entries on the main diagonal and below the

main diagonal.

> A lower triangular matrix of order n x n is denoted L,,.

1 0 O
0 2 0
» Example: s =|1 -1 2
0 0 2
1 4 6

0

w s~ O O

OO O oo
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P> A lower triangular matrix is a square matrix that may only
have nonzero entries on the main diagonal and below the

main diagonal.

> A lower triangular matrix of order n x n is denoted L,,.

1 0 O
0 2 0
» Example: s =|1 -1 2
0 0 2
1 4 6

0
0
0
4
3

0
0
0
0

5

> An upper triangular matrix is a square matrix that may only
have nonzero entries on the main diagonal and above the

main diagonal.
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4
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P> A lower triangular matrix is a square matrix that may only
have nonzero entries on the main diagonal and below the

main diagonal.

> A lower triangular matrix of order n x n is denoted L,,.

1 0 O
0 2 0
» Example: s =|1 -1 2
0 0 2
1 4 6

0
0
0
4
3

o O O o

5

> An upper triangular matrix is a square matrix that may only
have nonzero entries on the main diagonal and above the

main diagonal.

» An upper triangular matrix of order n x n is denoted U,.

2 0 1
0 -7 0
> Example: Us =10 0 5
0 0 O
0 0 O

OO O N

3

= o1 N =
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> A row or right stochastic matrix is a square matrix with

nonnegative entries < 1 such that the sum of the entries in
each row is exactly 1.



Matrices

> A Boolean or binary matrix is a matrix that has only 1s or
Os as its entries.

0 1 0
» Example: |1 1 O
0 11

> A row or right stochastic matrix is a square matrix with
nonnegative entries < 1 such that the sum of the entries in
each row is exactly 1.
0.6 0.2 0.2
> Example: {07 03 O
0 05 05
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» One application of matrices is the adjacency matrix of a
graph.
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Matrices

» Another application of matrices is to represent a system of
linear equations.

» For example, suppose we were dealing with the following
linear equations:
> 3x1 +4x =7
> —2X1 + 7X3 =9
> 2X1 + 3X2 + 5X3 =20

> \We can represent these equations in the following way:
3 4 0 X1 7
> | -2 0 7)-[x]=1|29
2 35 X3 20
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» Let A= (ajj)mxn and B = (bjj)pxq be two matrices.

> A= B if and only if
1. A and B are of the same order; that is, m= p and n=q.
2. a,-7j:b,-7j,1§i§m,1 SJSH

> Examples:
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Matrices

» Let A= (ajj)mxn and B = (bjj)pxq be two matrices.

> A= B if and only if
1. A and B are of the same order; that is, m= p and n=q.
2. a,-7j:b,-7j,1§i§m,1 SJSH

> Examples:

*(29)=06 5)
(5 0)# (2 1
(69265 %)
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Matrices

» Addition of two matrices A and B, denoted A + B, is defined
if A and B are of the same order.

» If it is defined, A+ B is obtained by adding the same position
elements of A and B.

>423+189_4+12+83+9_
5 7 6 35 4/ \5+3 7+5 6+4

5 10 12
8 12 10/
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» Addition of two matrices A and B, denoted A + B, is defined
if A and B are of the same order.

» If it is defined, A+ B is obtained by adding the same position
elements of A and B.

g (4 2 3>+<1 8 9)_(4+1 2+8 3+9>_
57 6 35 4 5+3 7+5 6+4
5 10 12
(8 12 10)'

4 2 3 1 8 9 2)\. )
>
(5 7 6) + (3 5 4 9) is not defined.
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m X n matrix where each element in A is multiplied by the
scalar.



Matrices

» The product of a scalar and a m x n matrix A is simply an
m X n matrix where each element in A is multiplied by the

scalar.

4. (32 5\ _ (43 42 4.5 _ (12 8 2
6 17) \4.6 4.1 4.7) \24 4 28
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Matrices

> A dot product is a multiplication of a row vector of order
1 x n with a column vector of order n x 1. The result is a
scalar.

P It is obtained by multiplying the ith element of the row vector
with the ith element of the column vector and then summing
these products.

> A-B=a1by +aby+---+ apby



Matrices

» An example of dot product
4

» A=(1 2 3),B=|5
6



Matrices

» An example of dot product
4
» A=(1 2 3),B=|5
6
> A-B=1%x44+2+%54+3+%6=4+10+18 = 32
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» Suppose A is an m X p matrix and B is a p x n matrix (note
the number of columns of A is the same as the number of
rows of B). Then the matrix multiplication A - B is defined.

» The result is an m x n matrix (resulting matrix has the same
number of rows as A and the same number of columns as B).
» The (/,j)th entry of the resulting matrix is the dot product of
row i of A and column j of B.
> Example:
bi1 b1z

> A— d11 d12 413 di4 B — bo1 b
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Matrices

» Suppose A is an m X p matrix and B is a p x n matrix (note
the number of columns of A is the same as the number of
rows of B). Then the matrix multiplication A - B is defined.

» The result is an m x n matrix (resulting matrix has the same
number of rows as A and the same number of columns as B).

» The (/,j)th entry of the resulting matrix is the dot product of

row i of A and column j of B.
> Example:

b1
a1 d12 a1 ai4 b1
> A= 3 B = b
dp1 a2 a3 ax 31
bay

bio
bao
bso
bao

» Multiplication is defined because the number of columns of A

is the same as the number of rows of B.
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» Suppose A is an m X p matrix and B is a p x n matrix (note
the number of columns of A is the same as the number of
rows of B). Then the matrix multiplication A - B is defined.

» The result is an m x n matrix (resulting matrix has the same
number of rows as A and the same number of columns as B).

» The (/,j)th entry of the resulting matrix is the dot product of
row i of A and column j of B.
> Example:
bi1 bio
> A— a1l di2 d13  adia B = bo1 b2
a1 axn a3 axu bs1 b3z
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Matrices

» Suppose A is an m X p matrix and B is a p x n matrix (note
the number of columns of A is the same as the number of
rows of B). Then the matrix multiplication A - B is defined.

» The result is an m x n matrix (resulting matrix has the same
number of rows as A and the same number of columns as B).

» The (/,j)th entry of the resulting matrix is the dot product of
row i of A and column j of B.
> Example:
bi1 bio
> A— a1l di2 d13  adia B = bo1 b2
ax ax» ax3 axn b3y b3
bs1  baz
» Multiplication is defined because the number of columns of A
is the same as the number of rows of B.
» Result will be a 2 x 2 matrix.
» Entry in position (2,1) in the resulting matrix will be the dot
product of the 2nd row in A with the 1st column of B:
a21b11 + axnbo1 + ax3bsy + axa by
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can (LY (s
5 6

> Ax B is not defined since A's columns does not equal to B's
rows.
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Example of Matrix Multiplication

1 2
wa= (b a5
5 6
» Ax B is not defined since A's columns does not equal to B's

rows.

» However, B * A is defined and its result is 3 x 2

Ci1 Cio 7 10
> Bx A =1 Gy G| =15 22
Gi1 Gz 23 34

> C21=3*1+4*3:15, Cop =3%2+4%x4=22
> C31=5%1+6%x3=23 C3, =5%x2+6%x4=234



