Section 8.10
Recursive Algorithms



Recursive Algorithms

* An algorithm is recursive if it solves a problem by reducing it to an
instance of the same problem with a simpler input




Factorial

* Example 1: Create a recursive algorithm for computing n! where nis a
non-negative integer

e Write out 0!, 11, 21, 31 ...
1, 1-1, 1-1-2, 1-1-2-3

The nth term is n times the previous term



Factorial

* Example 1: Create a recursive algorithm for computing n! where nis a
non-negative integer

e Define the function recursively
f(0)=1
fln+1)=mn+1)f(n)



Factorial

* Example 1: Create a recursive algorithm for computing n! where nis a
non-negative integer

* Test it
f(5) =5 f(4)

=5-4-£(3)
=5-4-3-f(2)
=5-4-3-2-f(1)
=5-4-3.2-1-f(0)
—5.4.3.2.1-1
=120



Factorial

* Example 1: Create a recursive algorithm for computing n! where nis a
non-negative integer

e Code it

Name: factorial
Input: non-negative integer n
Output: n!

if (n = 0)

return 1
else

return n * factorial (n-1)
end-1f



Exponentiation

* Example 2: Create a recursive algorithm for computing a™ where n is

a hon-negative integer
e Write out a°, al, a?, a3, ...
1, 1-a, 1-a-a, 1-a-a-a

The nth term is a times the previous term



Exponentiation

* Example 2: Create a recursive algorithm for computing a™ where n is
a hon-negative integer

e Define the function recursively
fla,0)=1
flan+1)=a-f(an)



Exponentiation

* Example 2: Create a recursive algorithm for computing a™ where n is
a hon-negative integer

* Test it
f@3,5) =3-1(3,4)

3-f(3,3)
3-3-£(3,2)
=3.3-3-3-f(3,1)
3.-3-3-3-£(3,0)
3.3-3-3-1



Exponentiation

* Example 2: Create a recursive algorithm for computing a™ where n is
a hon-negative integer

e Code it

Name: power
Input: real number a and nonnegative integer n
Output: a"

1f n =20

return 1
else

return a * power (a, n-1)
end—-1f



Summation

 Example 3: Create a recursive algorithm for computing )i, i where n
IS @ non-negative integer

e Write out Y00, Nigi, Ye—ol) Xieg by -
0, 0+1, 0+1+2, 0+1+2+3

The nth term is n plus the previous term



Summation

 Example 3: Create a recursive algorithm for computing )i, i where n
IS @ non-negative integer

* Define the function recursively
f(0)=0
fn+1) =m+1)+f(n)



Summation

 Example 3: Create a recursive algorithm for computing )i, i where n
IS @ non-negative integer

* Test it
f(5) =5+f(4)

=54+4+ f(3)
=5+4+3+f(2)
=5+4+3+2+f(1)
=5+4+3+2+1+ f(0)
=5+4+3+2+1+0
= 15



Summation

 Example 3: Create a recursive algorithm for computing )i, i where n
IS @ non-negative integer

e Code it

summation
Input: nonnegative integer n
Output: )ity i

if n = 0
return O
else

return n + summation(n-1)
end-1f



Fibonacci Numbers

 Example 4: Create a recursive algorithm for computing the nth
Fibonacci number where n is a non-negative integer

 Write out the Fibonacci numbers
0,1 0+1, 1+1, 1+2

The nth term is the sum of the two previous terms



Fibonacci Numbers

 Example 4: Create a recursive algorithm for computing the nth
Fibonacci number where n is a non-negative integer

e Define the function recursively
f(0)=0
f(=1
fin+2)=fm)+f(n+1)



Fibonacci Numbers

 Example 4: Create a recursive algorithm for computing the nth
Fibonacci number where n is a non-negative integer

* Test it
f(4) =fQ2)+f(3)

=f(0) + (1) + (1) + f(2)
=0+14+1+7F00)+f)
=0+1+1+0+1

=3



Fibonacci Numbers

 Example 4: Create a recursive algorithm for computing the nth
Fibonacci number where n is a non-negative integer

e Code it

fibonacci
Input: nonnegative integer n
Output: the nth Fibonacci number

1f n = 0 return 0 end-1f
1f n =1 return 1 end-1f
return fibonacci(n-2) + fibonacci (n-1)



Fibonacci Numbers

 Example 4: Create a recursive algorithm for computing the nth
Fibonacci number where n is a non-negative integer

* How does the algorithm perform when computing
fibonacci (5)7

* How can the Fibonacci numbers be computed using a loop instead
of recursion?



Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation
Input: a,, a,, as, ..., a,

Output:a; +a,+a;+...+a,

sum := 0

for 1:= 1 to n
sum := sum + a;

end-for

return sum



Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation .
Input: a,, a,, as, ..., a, :
Output:a; +a,+a;+...+a,
sum := 0 sum
for 1:= 1 to n

sum := sum + a;
end—-for

return sum




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation .

Input: a,, a,, as, ..., a, :

Output:a; +a,+a;+...+a,

sum := 0 sum

for 1:= 1 to n 0
sum := sum + a;

end—-for

return sum




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation .

Input: a,, a,, as, ..., a, :

Output:a; +a,+a;+...+a,

sum := 0 sum

for 1:= 1 to n 0
sum := sum + a;

end—-for

return sum




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation .

Input: a,, a,, as, ..., a, :

Output:a; +a,+a;+...+a,

sum := 0 sum

for 1:= 1 to n o
7

sum := sum + a;
end—-for

return sum




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation

Input: a,, a,, as, ..., a, @ |
Output:a, +a,+a;+..+a, 1
sum := 0 sum
for 1:= 1 to n ©

sum := sum + a, !
end-for

return sum




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation

a | 7
Input: a,, a,, as, ..., a, :
Output:a; +a,+a;+...+a,
sum := 0 sum
for 1:= 1 to n ©
a
sum := sum + a;
10
end-for

return sum




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation

a | 7
Input: a,, a,, as, ..., a, :
Output:a; +a,+a;+...+a,
sum := 0 sum
for 1:= 1 to n ©
a
sum := sum + a;
10
end-for

return sum

w N H |-




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation

a ] 3 1

|npUt: dq, dy, d3, ..., d, 1 2 3
Output:a; +a,+a;+...+a,
sum := 0 sum i
for 1:= 1 to n ° N

7 2

sum = sum + a;

10 3
end-for 11
return sum




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation

a ] 3 1
Input: a,, a,, as, ..., a, PR
Output:a; +a,+a;+...+a,
sum := 0 sum i
for 1:= 1 to n ° N
2 2
sum = sum + a;
10 3
end-for 11 4
return sum




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation

a ] 3 1
|npUt: dq, dy, d3, ..., d, 1 2 3
Output:a; +a,+a;+...+a,
sum := 0 sum i
for 1:= 1 to n ° N
7 2
sum = sum + a;
10 3
end-for Tl 4
return sum 16




Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation 2l 71311
|npUt: dq, dy, d3, ..., d, 1 2 3
Output:a; +a,+a;+...+a,
sum := 0 sum i
for 1:= 1 to n ° N
7 2
sum = sum + a;
10 3
end-for 11 4
return sum 16

sum = 5 + (1 + (3 + (7 + 0)))



Summing a Seguence

* Example: Summing a sequence of numbers

Name: summation
Input: a,, a,, as, ..., a,
Output:a; +a,+a;+..+a

n

sum = O sum 1
for 1:= 1 to n o +
ol 2
sum := sum + a,
196 3
end—-for 11 4
return sum 16

sum = a, + (a; + (a, + (a; + 0)))



Summing a Seguence

e Recursively summing a sequence of numbers

Name: recsum
Input: a,, ay, .., a,
|

Output: a; +a, + ... + a,

it 1 =0
return 0
else
return a; + recsum(a;, a,, as;, .., a,

end-1f



Summing a Seguence

e Recursively summing a sequence of numbers

Name: recsum
Input: a,, ay, .., a,
|

Output: a; +a, + ... + a,

recsum(/, 3,

if 1 =0

return 0O

else

return a; + recsum(a;, a,, as, .., a

n’t

end-1f



Summing a Seguence

e Recursively summing a sequence of numbers

Name: recsum
Input: a,, ay, .., a,
|

Output: a; +a, + ... + a,

it 1 =0
return 0
else
return a; + recsum(a;, a,, as; ..

end-1f

recsum(/, 3,
5 + recsum(7/,

a

n’t




Summing a Seguence

e Recursively summing a sequence of numbers

Name: recsum
Input: a,, ay, .., a,
|

Output: a; +a, + ... + a,

5 + recsum(/, 3,
5+ 1 + recsum(7/,

if 1 =0

return 0O

recsum(/, 3, 1, 5, 4)

else

return a; + recsum(a;, a,, as, .., a

n’t

end-1f




Summing a Seguence

e Recursively summing a sequence of numbers

Name: recsum

. recsum(/, 3, 1, 5,
Input: a,, ay, .., a,

i 5 + recsum(/, 3, 1

0 . 5 + 1 + recsum(/,
utput:a; +a,+ ... +a, 5+ 1 + 3 + recsum

if 1 =0

return 0O

4

3,
(7

)

5, 3)
1, 5,
3,1,

else

return a; + recsum(a;, a,, as, .., a

n’t

end-1f




Summing a Seguence

e Recursively summing a sequence of numbers

Name: recsum
Input: a,, ay, .., a,
|
Output:a, +a,+..+a

5

5
i 5
, , 5
1f 1 =0

return 0O

+

+
+
_|_

recsum(/, 3, 1, 5, 4)

recsum(/, 3, 1, 5,
1 + recsum(/, 3, 1
1 + 3 + recsum(7/,

1 + 3 + 7 + recsum

3)

3,
(7

5, 2)
1, 5,
4 3/ ll

else

return a; + recsum(a;, a,, as, .., a

n’t

end-1f




Summing a Seguence

e Recursively summing a sequence of numbers

Name: recsum

. recsum(/, 3, 1, 5, 4)

Input: .al’ Ay - Ay 5 + recsum(7, 3, 1, 5, 3)
Out tl 5+ 1 + recsum(/7, 3, 1, 5, 2)

utpu 'a1+a2+"'+ai 5+ 1+ 3 + recsum(7, 3, 1, 5, 1)
, . 5+ 1+ 3 + 7 + recsum(/, 3, 1, 5, 0)
it 1 =0 5+ 1+ 3+ 7+ 0

return O
else

return a; + recsum(a;, a,, as, .., a,, 1-1)

end-1f




Summing a Seguence

e Recursively summing a sequence of numbers

Name: recsum
Input: a,, ay, .., a,

recsum(/, 3, 1, 5, 4)

i 5 4+ recsum(7, 3, 1, 5, 3)

Output: 5+ 1 + recsum(/7, 3, 1, 5, 2)

utpu 'a1+-a2+'"-kai 5+ 1+ 3 + recsum(7, 3, 1, 5, 1)
, . 5+ 1+ 3 + 7 + recsum(/, 3, 1, 5, 0)
it 1 =0 5+ 1+ 3+ 7+ 0

return 0 16
else

return a; + recsum(a;, a,, as, .., a,, 1-1)

n’t

end-1f




Linear Search

. Anottf;er example: Finding the first occurrence of a number in a of a sequence of
numbers

Name: linearsearch
Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the
sequence

if 1 > n
return O
else
1f x = a;
return 1
else
return linearsearch(x, 1+1, a;, a,, as, .., a,)
end-1if
end-1if



Linear Search

. Anotkf;er example: Finding the first occurrence of a number in a of a sequence of
numbers

Name: linearsearch
Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the
sequence

if i > n linearsearch (3, 1, 7, 3, 1, 5)
return O
else

1f x = a;
return 1
else
return linearsearch(x, 1+1, a;, a,, as, .., a,)
end-1if
end-1if



Linear Search

. Anotkf;er example: Finding the first occurrence of a number in a of a sequence of
numbers

Name: linearsearch
Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the
sequence

if i > n linearsearch (3, 1, 7, 3, 1, 5)

return O linearsearch (3, 2, 7, 3, 1, 5)
else
1f x = a;
return 1
else
return linearsearch(x, 1+1, a;, a,, as, .., a,)
end-1f

end-1f



Linear Search

. Anotkf;er example: Finding the first occurrence of a number in a of a sequence of
numbers

Name: linearsearch
Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the
sequence

if i > n linearsearch (3, 1, 7, 3, 1, 5)

return O linearsearch (3, 2, 7, 3, 1, b5)
else 2
1f x = a;
return 1
else
return linearsearch(x, 1+1, a;, a,, as, .., a,)
end-1if

end-1f



Linear Search

* Another example: Finding the first occurrence of a number in a of a sequence of

numbers

Name: linearsearch

Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the

sequence

if 1 > n
return O
else
1f x = a;
return 1
else
return linearsearch (x,
end-1if
end-1if

1i+1,

Adqr

Aoy

Ay,
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7y
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Linear Search

* Another example: Finding the first occurrence of a number in a of a sequence of

numbers

Name: linearsearch

Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the

sequence

if 1 > n
return O
else
1f x = a;
return 1
else
return linearsearch (x,
end-1if
end-1if

1i+1,

Adqr

Aoy

Ay,

linearsearch (9,
linearsearch (9,

1,
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7y
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Linear Search

* Another example: Finding the first occurrence of a number in a of a sequence of

numbers

Name: linearsearch

Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the

sequence

if 1 > n
return O
else
1f x = a;
return 1
else
return linearsearch (x,
end-1if
end-1if

1i+1,

Adqr

Aoy

Ay,

linearsearch (9, 1, 7, 3, 1, 5)
linearsearch (9, 2, 7, 3, 1, 5)
linearsearch (9, 3, 7, 3, 1, 5)




Linear Search

* Another example: Finding the first occurrence of a number in a of a sequence of

numbers

Name: linearsearch

Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the

sequence

if 1 > n
return O
else
1f x = a;
return 1
else
return linearsearch (x,
end-1if
end-1if

1i+1,

Adqr

Aoy

Ay,

LX Y ’

linearsearch (9, 1, 7, 3, 1, 5)

linearsearch (9, 2, 7, 3, 1, 5)

linearsearch (9, 3, 7, 3, 1, 5)

linearsearch (9, 4, 7, 3, 1, 5)
a,)




Linear Search

* Another example: Finding the first occurrence of a number in a of a sequence of

numbers

Name: linearsearch

Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the

sequence

if 1 > n
return O
else
1f x = a;
return 1
else
return linearsearch (x,
end-1if
end-1if

1i+1,

Adqr

Aoy

Ay,

linearsearch (9,
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(9,
(9
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Linear Search

* Another example: Finding the first occurrence of a number in a of a sequence of

numbers

Name: linearsearch

Input: x, i, a;, a,, as, ..., 4,

Output: The index of the first occurrence of xin a,, a,, a;, ..., a,, starting from i or O if x is not in the

sequence

if 1 > n
return O
else
1f x = a;
return 1
else
return linearsearch (x,
end-1if
end-1if

1i+1,

Adqr

Aoy
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linearsearch (9,
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