Section 2.4
Writing Direct Proofs




Direct Proofs

* To prove an implication P(x) = Q(x), we assume P(x) and from it
derive Q (x)

* Note that implications often occur as part of a universal statement

* "If x is an odd integer then x* is an odd integer" by itself has a
hidden quantifier

* "For all x, if x is an odd integer then x? is an odd integer"

* We must prove this statement for an arbitrary x for which we
make no assumptions other than those in the statement (x is an
odd integer)



Direct Proofs

» Example: If x is an odd integer then x? is an odd integer
* Proof:
1. Assume x is an odd integer
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» Example: If x is an odd integer then x? is an odd integer
* Proof:
1. Assume x is an odd integer
2. x =2k + 1forsomeinteger k

7. x?isan odd integer



Direct Proofs

» Example: If x is an odd integer then x? is an odd integer
* Proof:
1. Assume x is an odd integer
2. x =2k + 1forsomeinteger k

6. x° = 2j+ 1for some integer j
7. x?isan odd integer



Direct Proofs

» Example: If x is an odd integer then x? is an odd integer
* Proof:
1. Assume x is an odd integer
2. x =2k + 1forsomeinteger k
3. x2 =QRk+1)R2k+1)



Direct Proofs

» Example: If x is an odd integer then x? is an odd integer
* Proof:
1. Assume x is an odd integer
2. x =2k + 1forsomeinteger k
3. x2 =QRk+1)R2k+1)
4, x° =4k*+4k+1



Direct Proofs

» Example: If x is an odd integer then x? is an odd integer
* Proof:
1. Assume x is an odd integer
x = 2k + 1 for some integer k
x? =Qk+1)2k+1)
x4 =4k*+4k +1
x? = 2(2k? + 2k) + 1 where 2k? + 2k is an integer
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Direct Proofs

» Example: If x is an odd integer then x? is an odd integer
* Proof:
1. Assume x is an odd integer
x = 2k + 1 for some integer k
x? =Qk+1)2k+1)
x4 =4k*+4k +1
x? = 2(2k? + 2k) + 1 where 2k? + 2k is an integer
x?> = 2j+ 1wherej = 2k? + 2k is an integer
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Direct Proofs

» Example: If x is an odd integer then x? is an odd integer
* Proof:
1. Assume x is an odd integer

2. x =2k + 1forsomeinteger k

3. x2 =QRk+1)R2k+1)

4, x° =4k*+4k+1

5. x2 =2(2k?+ 2k) + 1 where 2k?2 + 2k is an integer
6. x°? =2j+ 1wherej = 2k? + 2k is an integer

7. x?isan odd integer



Direct Proofs

» Example: If x is an odd integer then x? is an odd integer

* Proof:

1. Assume x is an odd integer

x = 2k + 1 for some integer k
x? =Qk+1)2k+1)
2 =4k*+ 4k + 1
2 =2(2k% + 2k) + 1 where 2k? + 2k is an integer
2 =2j+ 1 wherej = 2k? + 2k is an integer
2 is an odd integer

2
3
4,
5.
6
7
8 x is an odd integer then x? is an odd integer
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Direct Proofs

* Watch the video on direct proofs in section 2.4



Direct Proofs of Rational Numbers

* A number 7 is rational if there are integers x and y such that:

*y #*+ 0 and

X
.T‘:_
y



Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number
Proof:

1. Assume r and s are rational numbers
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Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number
Proof:

1. Assume r and s are rational numbers

2. r= %and S = 2 where a, b, c, and d are integers, b # 0,andd # 0

7. r+s= § where x is an integer, y is an integer, and y # 0

8. 1+ sisarational number



Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number
Proof:
1. Assume r and s are rational numbers

2. r= %and S = 2 where a, b, c, and d are integers, b # 0,andd # 0



Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number
Proof:
1. Assume r and s are rational numbers

2. r= %and S = 2 where a, b, c, and d are integers, b # 0,andd # 0

a ¢
3. T+S_E+E



Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number

Proof:
Assume 1 and s are rational numbers

r = %and s =— wherea, b, ¢, and d are integers, b #+# 0,and d # 0
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Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number

Proof:
1. Assume 7 and s are rational numbers
2. r= %and S = 2 where a, b, c, and d are integers, b # 0,andd # 0
3. r+s =§+§ b
o ras=t(E) 3
5. r+s= Z—d + ﬁ



Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number

Proof:

1. Assume r and s are rational numbers
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Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number

Proof:

1. Assume r and s are rational numbers

2. r= %and S = 2 where a, b, c, and d are integers, b # 0,andd # 0
a (o

3. r4+s= E+E
d/(a b (c

4. r+s=5(3)+5()
ad bc

5. r+s = b + b
ad+bc

6. r+s= b

7. r+s= % where x = ad + bc is an integer, y = bd is an integer, and bd # 0



Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number

Proof:
1. Assume r and s are rational numbers
2. r= %and S = 2 where a, b, c, and d are integers, b # 0,andd # 0
3. r+s-= g + 2 b
o ras=4(0) 420
5. r+s= Z—Z -I;ﬁ
6. r4+s==< bJ; -
7. r4+s= % where x = ad + bc is an integer, y = bd is an integer, and bd # 0
8. r + sisarational number



Direct Proofs of Rational Numbers

 Example if r and s are rational numbers, then r + s is a rational number
Proof:

1. Assume r and s are rational numbers

r = %and S = 2 where a, b, c, and d are integers, b # 0,andd # 0
(o

a
T‘+'S-—Z;+'E

d[fa b/(c
T S=—\- —|—
+s=2()+3(3)
ad bc
T = — —
TS bd.+-bd
ad+bc

bd
r+s= % where x = ad + bc is an integer, y = bd is an integer, and bd # 0

2.

3

4

5

6. r+s=
7

8. 1+ sisarational number
9

If r and s are rational numbers, then r + s is a rational number



Direct Proofs of Divisibility

 Example if a, b, and c are integers, then if a divides b and b divides c, then
a divides ¢

Proof:

1. Assume a, b, and c are integers



Direct Proofs of Divisibility

 Example if a, b, and c are integers, then if a divides b and b divides c, then
a divides ¢

Proof:
1. Assume a, b, and c are integers
2. Assume a divides b and b divides c



Direct Proofs of Divisibility

 Example if a, b, and c are integers, then if a divides b and b divides c, then
a divides ¢

Proof:
1. Assume a, b, and c are integers
2. Assume a divides b and b divides c

3. b = aiforsomeintegeri



Direct Proofs of Divisibility

 Example if a, b, and c are integers, then if a divides b and b divides c, then
a divides ¢
Proof:
1. Assume a, b, and c are integers
2. Assume a divides b and b divides ¢
3. b = aiforsomeintegeri
4

¢ = bj for some integer j



Direct Proofs of Divisibility

 Example if a, b, and c are integers, then if a divides b and b divides c, then
a divides ¢

Proof:
1. Assume a, b, and c are integers
2. Assume a divides b and b divides ¢
3. b = aiforsomeintegeri
4. ¢ = bj for some integer j
5. ¢ = aij where ijis an integer



Direct Proofs of Divisibility

 Example if a, b, and c are integers, then if a divides b and b divides c, then
a divides ¢

Proof:
Assume a, b, and c are integers
Assume a divides b and b divides ¢
b = ai for some integer i

1

2

3

4. ¢ = bj for some integer j

5. ¢ = aij where ijis an integer
6

¢ = ak where k is an integer



Direct Proofs of Divisibility

 Example if a, b, and c are integers, then if a divides b and b divides c, then
a divides ¢

Proof:
Assume a, b, and c are integers
Assume a divides b and b divides ¢

b = ai for some integer i

c = aij where ij is an integer

1

2

3

4. ¢ = bj for some integer j

5

6. ¢ = ak where k is an integer
7

a divides ¢



Direct Proofs of Divisibility

 Example if a, b, and c are integers, then if a divides b and b divides c, then
a divides ¢

Proof:
Assume a, b, and c are integers
Assume a divides b and b divides ¢
b = ai for some integer i

¢ = bj for some integer j

¢ = ak where k is an integer

1
2
3
4
5. ¢ = aij where ijis an integer
6
7. adividesc

8

If a divides b and b divides ¢ then a divides ¢



Direct Proofs of Divisibility

 Example if a, b, and c are integers, then if a divides b and b divides c, then
a divides ¢

Proof:

Assume a, b, and c are integers
Assume a divides b and b divides ¢
b = ai for some integer i

¢ = bj for some integer j

c = aij where ij is an integer

¢ = ak where k is an integer

a divides ¢

If a divides b and b divides ¢ then a divides ¢
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if a, b, and c are integers, then if a divides b and b divides c, then a divides ¢



Section 2.5
Proofs by Contrapositive



Proofs by Contrapositive

* If it is difficult to prove p — q by a direct proof, we can instead prove
p — q by a proof by contrapositive

* Sincep - g = =g — —p, we can prove p = g by proving =g — —p
by using a direct proof



Proofs by Contrapositive

* Example: Prove that if n is an integer and 3n + 2 is odd, then n is odd.

* This is difficult to prove using a direct proof, so instead prove that if n is not
odd, then 3n + 2 is not odd

1. Assume that n is an integer and n is not odd
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* Example: Prove that if n is an integer and 3n + 2 is odd, then n is odd.

* This is difficult to prove using a direct proof, so instead prove that if n is not
odd, then 3n + 2 is not odd

1. Assume that n is an integer and n is not odd
2. niseven



Proofs by Contrapositive

* Example: Prove that if n is an integer and 3n + 2 is odd, then n is odd.

* This is difficult to prove using a direct proof, so instead prove that if n is not
odd, then 3n + 2 is not odd

1. Assume that n is an integer and n is not odd
2. niseven
3. n = 2k for some integer k



Proofs by Contrapositive

* Example: Prove that if n is an integer and 3n + 2 is odd, then n is odd.

* This is difficult to prove using a direct proof, so instead prove that if n is not
odd, then 3n + 2 is not odd

1. Assume that n is an integer and n is not odd

2. mniseven
3. n = 2k for some integer k

4., 3n+2=6k+2



Proofs by Contrapositive

* Example: Prove that if n is an integer and 3n + 2 is odd, then n is odd.

* This is difficult to prove using a direct proof, so instead prove that if n is not
odd, then 3n + 2 is not odd

1. Assume that n is an integer and n is not odd

nis even

n = 2k for some integer k

3In+2=6k+2

3n+ 2 =23k + 1) where (3k + 1) is an integer because k is an integer
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Proofs by Contrapositive

* Example: Prove that if n is an integer and 3n + 2 is odd, then n is odd.

* This is difficult to prove using a direct proof, so instead prove that if n is not
odd, then 3n + 2 is not odd

1. Assume that n is an integer and n is not odd

nis even

n = 2k for some integer k

3In+2=6k+2

3n+ 2 =23k + 1) where (3k + 1) is an integer because k is an integer
3n + 2 is even
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Proofs by Contrapositive

* Example: Prove that if n is an integer and 3n + 2 is odd, then n is odd.

* This is difficult to prove using a direct proof, so instead prove that if n is not
odd, then 3n + 2 is not odd

1. Assume that n is an integer and n is not odd

nis even

n = 2k for some integer k

3In+2=6k+2

3n+ 2 =23k + 1) where (3k + 1) is an integer because k is an integer
3n + 2 is even

3n + 2 is not odd
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Proofs by Contrapositive

* Example: Prove that if n is an integer and 3n + 2 is odd, then n is odd.

* This is difficult to prove using a direct proof, so instead prove that if n is not
odd, then 3n + 2 is not odd

1. Assume that n is an integer and n is not odd

2. mniseven

3. n = 2k for some integer k

4, 3n+2=6k+2

5. 3n+2 =23k + 1) where (3k + 1) is an integer because k is an integer
6. 3n+ 2 iseven

7. 3n+ 2 isnot odd

8. ifnisaninteger and 3n + 2 is odd, then n is odd



Proofs by Contrapositive

* Another Example: Prove that if n = ab where a and b are positive integers, then
a<+inorb<.n

« Rephrase: If a and b are positive integers then if n = ab thena <+\norb <+n

* Replace inner implication with its contrapositive:

If a and b are positive integers, then if it is not the case thata < +/norb <
\J/n then it is not the case that n = ab



Proofs by Contrapositive

e Proof of

If a and b are positive integers, then if it is not the case thata < +norb <
\Jn then it is not the case thatn = ab

1. Assume a and b are positive integers



Proofs by Contrapositive

e Proof of

If a and b are positive integers, then if it is not the case thata < +norb <
\Jn then it is not the case thatn = ab

1. Assume a and b are positive integers
2. Assume itis notthe casethata <+norb <+n



Proofs by Contrapositive

e Proof of

If a and b are positive integers, then if it is not the case thata < +norb <
\Jn then it is not the case thatn = ab

1. Assume a and b are positive integers
2. Assume itis not the casethata < +norb <+/n
3. By De Morgan'slaw:a >+/nand b > +/n
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e Proof of

If a and b are positive integers, then if it is not the case thata < +norb <
\Jn then it is not the case thatn = ab

1. Assume a and b are positive integers
2. Assume itis not the casethata < +norb <+/n
3. By De Morgan'slaw:a >+/nand b > +/n

4. ab > +\nyn



Proofs by Contrapositive

e Proof of

If a and b are positive integers, then if it is not the case thata < +norb <
\Jn then it is not the case thatn = ab

1. Assume a and b are positive integers

2. Assume it is not the casethata < norb <+n
3. By De Morgan'slaw:a >+/nand b > +/n

4. ab > +\nyn

5. ab>n



Proofs by Contrapositive

e Proof of

If a and b are positive integers, then if it is not the case thata < +norb <
\Jn then it is not the case thatn = ab

1. Assume a and b are positive integers
2. Assume it is not the case thata < vnorb <n
3. By De Morgan'slaw:a >+/nand b > +/n
4. ab > +\nyn
5. ab>n

6. Itis notthe casethatn = ab



Proofs by Contrapositive

e Proof of

If a and b are positive integers, then if it is not the case thata < +norb <
\Jn then it is not the case thatn = ab

It is not the case thatn = ab
If it is not the case that a < +/n or b < +/n then it is not the case thatn =
ab

1. Assume a and b are positive integers

2. Assume it is not the casethata < norb <+n
3. By De Morgan'slaw:a >+/nand b > +/n

4. ab > +\nyn

5. ab>n

6.

7.



Proofs by Contrapositive

e Proof of

If a and b are positive integers, then if it is not the case thata < +norb <
\Jn then it is not the case thatn = ab

Assume a and b are positive integers

Assume it is not the case thata < norb < +n

By De Morgan's law: a > y/nand b > \n

ab > \/n\n

ab >n

It is not the case thatn = ab

If it is not the case that a < +/n or b < +/n then it is not the case thatn =
ab

If a and b are positive integers, then if it is not the case thata < +norb <
Jn then it is not the case thatn = ab

NouhkwNE

o0



	Slide 1: Section 2.4 Writing Direct Proofs
	Slide 2: Direct Proofs
	Slide 3: Direct Proofs
	Slide 4: Direct Proofs
	Slide 5: Direct Proofs
	Slide 6: Direct Proofs
	Slide 7: Direct Proofs
	Slide 8: Direct Proofs
	Slide 9: Direct Proofs
	Slide 10: Direct Proofs
	Slide 11: Direct Proofs
	Slide 12: Direct Proofs
	Slide 13: Direct Proofs
	Slide 14: Direct Proofs of Rational Numbers
	Slide 15: Direct Proofs of Rational Numbers
	Slide 16: Direct Proofs of Rational Numbers
	Slide 17: Direct Proofs of Rational Numbers
	Slide 18: Direct Proofs of Rational Numbers
	Slide 19: Direct Proofs of Rational Numbers
	Slide 20: Direct Proofs of Rational Numbers
	Slide 21: Direct Proofs of Rational Numbers
	Slide 22: Direct Proofs of Rational Numbers
	Slide 23: Direct Proofs of Rational Numbers
	Slide 24: Direct Proofs of Rational Numbers
	Slide 25: Direct Proofs of Rational Numbers
	Slide 26: Direct Proofs of Rational Numbers
	Slide 27: Direct Proofs of Divisibility
	Slide 28: Direct Proofs of Divisibility
	Slide 29: Direct Proofs of Divisibility
	Slide 30: Direct Proofs of Divisibility
	Slide 31: Direct Proofs of Divisibility
	Slide 32: Direct Proofs of Divisibility
	Slide 33: Direct Proofs of Divisibility
	Slide 34: Direct Proofs of Divisibility
	Slide 35: Direct Proofs of Divisibility
	Slide 36: Section 2.5 Proofs by Contrapositive
	Slide 37:  Proofs by Contrapositive
	Slide 38: Proofs by Contrapositive
	Slide 39: Proofs by Contrapositive
	Slide 40: Proofs by Contrapositive
	Slide 41: Proofs by Contrapositive
	Slide 42: Proofs by Contrapositive
	Slide 43: Proofs by Contrapositive
	Slide 44: Proofs by Contrapositive
	Slide 45: Proofs by Contrapositive
	Slide 46: Proofs by Contrapositive
	Slide 47: Proofs by Contrapositive
	Slide 48: Proofs by Contrapositive
	Slide 49: Proofs by Contrapositive
	Slide 50: Proofs by Contrapositive
	Slide 51: Proofs by Contrapositive
	Slide 52: Proofs by Contrapositive
	Slide 53: Proofs by Contrapositive
	Slide 54: Proofs by Contrapositive

