Section 6.2
Properties of Binary Relations



Properties of Relations: Reflexivity

* A relation R on a set 4 is reflexive if (a,a) € R foreacha € A

e |l.e., aRa foreacha € A



Properties of Relations: Reflexivity

* Example: Let A = {1, 2, 3,4}. The following relations on A are
reflexive:

° RO — {(111)1 (212)1 (3)3)) (414)}
* R3; ={(1,1),(1,2),(1,4),(2,1),(2,2),(3,3),(4,1), (4,4)}

e R. =
(L), (1,2), (1,3), (14), (2,2), (2,3), (2.4), (3,3), (3.4), (4,4)}



Properties of Relations: Antireflexivity

* A relation R on a set 4 is antireflexive if (a,a) € R foreacha € A




Properties of Relations: Antireflexivity

* Example: Let A = {1, 2, 3,4}. The following relations on A are
antireflexive:

* )
- 1(1,2),(1,4),(2,1),(41) }
* 1(1,2),(1,3),(1,4),(2,3),(2/4),(3,4) }



Properties of Relations: Antireflexivity

* Example: Let A = {1, 2, 3, 4}. The following relations on A are neither
reflexive nor antireflexive:

* (11}

*1(1,2),(1,4),(2,1),(41), (4.4}

* 1(1,2), (1,3),(1,4),(2,2),(2,3),(2,4),(3,3),(34) }
* 1(1,1),(2,2),(3,3)}




Properties of Relations: Symmetry and
Antisymmetry

* A relation R on a set 4 is symmetric if (a,b) € R whenever (b,a) € R
foralla,b € A

* A relation R on a set 4 is antisymmetric if foralla,b € 4, if (a,b) € R
and (b,a) € Rthena =0»b

* R is antisymmetric if there are no distinct elements a and b such
that (a,b) € Rand (b,a) € R

* In general, If R is antisymmetric, then it can be either reflexive or
not reflexive




Properties of Relations: Symmetry and
Antisymmetry

* Example: Let A = {1, 2, 3,4}. The following relations on A are
symmetric:

° RZ — {(111)1 (112)1 (2)1)}
* R3 ={(1,1),(1,2),(1,4),(2,1),(2,2),(3,3), (41), (4,4)}
* Note that R, is not reflexive and R; is reflexive



Properties of Relations: Symmetry and
Antisymmetry

* Example: Let A = {1, 2, 3,4}. The following relations on A are
antisymmetric:

° R4 — {(211)1 (311)1 (3)2)) (411)1 (412)1 (433}}

° RS —

1(1,1),(1,2),(1,3),(1,4),(2,2),(2,3),(2,4),(3,3),(3,4), (4,4)}
* R6 — {(314)}
* Note that R, and R are not reflexive and Rg is reflexive



Properties of Relations: Symmetry and
Antisymmetry

* Example: Let A = {1, 2, 3, 4}. The following relations on 4 are both
symmetric and antisymmetric:

)

* (11}

* 1(1,1),(2,2)}
*12,2),3,3), (4. 4)}



Properties of Relations: Transitivity

* A relation R on a set 4 is transitive if whenever (a,b) € R and
(b,c) € Rthen(a,c) € Rforalla,b,c € A




Properties of Relations: Transitivity

* Example 13: Let A = {1, 2, 3, 4}. The following relations on A are
transitive:

° R4 — {(211)1 (311)1 (3)2)) (411)1 (412)1 (433}}

e R. —
{(51,1), (1,2),(1,3),(1,4),(2,2),(2,3),(2,4),(3,3),(3,4), (4,4)}
° R6 — {(314)}



Not reflexive
Not symmetric
Not transitive

Reflexive
Symmetric
Not transitive

More Examples

Reflexive
Not symmetric
Not transitive

G

O

Reflexive
Not symmetric
Transitive

S

Not reflexive
Symmetric
Not transitive

0

Not reflexive
Symmetric
Transitive

Not reflexive
Not symmetric
Transitive

0

O
Reflexive

Symmetric
Transitive
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