CS 3333: Mathematical Foundations

Binomial Theorem
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Consider all 4-bit strings

» Product rule: 2x2x2%x2=2%=16

o|lo|o|lo|o
HlOolololo
Ol = Ol
ol olrlo
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Consider all 4-bit strings

» Product rule: 2%2%2%2=2%=16
» Define n; = # of bit strings with i 1s.

o|lo|o|lo|o
HlOolololo
Ol = Ol
ol olrlo

> m= () =1
> m = (1) =4
> m= () =6
> = () =4
> m= (=1
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Consider all 4-bit strings

» Define n;
>

ng =

n =

o|lo|o|lo|o
HlOolololo
Ol = Ol
ol olrlo
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» The total i

> o)+ +G G+
> —1+4+6+4+1=16

» Product rule: 2x2x2%x2=2%=16
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# of bit strings with j 1s.
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Binomial Expressions

» Binomial expression: a sum of two terms, e.g., x + y.

» Powers of binomial expressions: (x + y)*, (x + y)3, (a — b)*.
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Binomial Expressions

Binomial expression: a sum of two terms, e.g., x + y.

Powers of binomial expressions: (x + y)*, (x + y)3, (a — b)*.

(x+y)P=x+2xy+y?

>
>
» Expansion:
>
> = (o) + (D + )y
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Binomial Expressions

Binomial expression: a sum of two terms, e.g., x + y.

Powers of binomial expressions: (x + y)*, (x + y)3, (a — b)*.
Expansion:

(x + y)? = x? 4+ 2xy + y?

=+ @+ )y

(x+y)* = (x+y)(x +y)(x +y)

= x3 4+ 3x%y + 3xy? + 3

vVvvyVvVvVvyyypy
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Binomial Expressions

Binomial expression: a sum of two terms, e.g., x + y.

Powers of binomial expressions: (x + y)*, (x + y)3, (a — b)*.
Expansion:

(x +y)? = x* + 2xy + y?

2\ 2 2 2\ .2

= (0 + D+ Gy

(x+y)* = (x+y)(x +y)(x +y)

= x3 +3x%y + 3xy% + y3

— (3,3 3,2 3 2 3\,,3

=)+ )y + Q)2+ )y
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Binomial Theorem

» Binomial Theorem:

, where n > 0.
> = (X" ()X XA ()X T ()"
> = ko ()X Ryk
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Binomial Expressions

» Binomial expression: a sum of two terms, e.g., x + y.

» Powers of binomial expressions: (x + y)*, (x + y)3, (a — b)*.
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Binomial Expressions
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Binomial Theorem

» What is the coefficient of x!2 - y13 in (x + y)?5?
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Binomial Theorem

» What is the coefficient of x!2 - y13 in (x + y)?5?
> 13 times of y. (fg)xu - y1s.
» The coefficient is (fg)
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Binomial Theorem

What is the coefficient of x!2 - y13 in (x + y)?57?

13 times of y. (33)x'2- y13.

| 2

>

» The coefficient is fg)
> 12 times of x. (fg)xlz -yt
> The coefficient is (33).
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Binomial Theorem

What is the coefficient of x!2 - y13 in (x + y)?°7
13 times of y. (33)x'2- y13.

The coefficient is fg)

12 times of x. (fg)xlz yls.

The coefficient is (33).

(1) = ()
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Binomial Theorem

» What is the coefficient of x2y13 in (2x — 3y)?5?
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Binomial Theorem

» What is the coefficient of x2y13 in (2x — 3y)?5?
» Assume X = 2x and Y = —3y, then (X + Y)%.
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Binomial Theorem

» What is the coefficient of x2y13 in (2x — 3y)?5?
» Assume X = 2x and Y = —3y, then (X + Y)%.
» The term is

- @y

> = ()27 (-3)"

> — (13)212(_3)13)(12 ')/13

| 2

The coefficient is —(33)212 - 313
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Binomial Theorem

> Corollary 1: 37 o (7) =2"
» Apply the binomial theorem on (x + y)” when x =y = 1.
> (x+y)"=(1+1)"=2"
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Binomial Theorem

> Corollary 1: 37 (Z) =2"

» Apply the binomial theorem on (x + y)” when x =y = 1.
> (x+y)'=(1+1)"=2"

> (1+1)"

> = ()1 104 (H1rt 4 (D122 4 ()10 10
=D+ @) ()

> Therefore, Y7 (]) =2".
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Binomial Theorem

> Corollary 2: Y} _o(-1)k(}) =0
» Apply the binomial theorem on (x + y)” when x =1, y = —1.
> (x+y)"=(1-1)"=0

9/16



Binomial Theorem

» Corollary 2: Zzzo(—l)k(Z) =0

» Apply the binomial theorem on (x + y)” when x =1, y = —1.
> (x+y)'=(1-1)"=0

> (1-1)"

> = ()17 (—1)° + (D1 (1) L+ (D10 (<)

S Q-+ @) -+ 1) =0

> Therefore, > (—1)(}) = 0.
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Binomial Theorem

Corollary 2: > _o(—=1)%(}) =0

Apply the binomial theorem on (x + y)” when x =1, y = —1.
(x+y)=(1-1)"=0

(1-1)"

= (01" (-1)°+ (D1 (D) .+ ()20 ()"
=@ -G +G) - +ED() =0

Therefore, > _(—1)%(}) = 0.
n=501-1P=0( -G+ -6 +G-6 =

1-5+10-10+5-1=0
E%—®+@%ﬂ$+®=

>
>
>
>
>
>
>
>

> =6 (1-1° = (5~ ()
1-64+15—-20+15—-6+1
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Pascal’s Identity

> () = () + ()
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Pascal’s Identity

> (") = () + ()
» Pascal’s triangle
6 !
G) (D Lo
@ @ 6 By Pasals denity: A
G MGG (D= I
G) () G) GG L4 6 4
GG GGG Los w010 05
© () () () () () () RN SV
DOOOOOOO Uo7 oaas 3 oo 7
@) (G GGG E GG I 8 2 56 70 5% 28 8 1
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Proof of Pascal’s ldentity

(1) + ()

| |
= R T el

— nl-k nl-(n—k+1)
= =k )Ik=DTk T =R -(n—kF DA

nl(k+n—k+1)
= T(n—k+D)TAI

(n+1)!
= (nt1—k)TAT

- ()

vV V. v v VvY
\
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Password Counting Problem

P Revisit the password counting problem. If a length 6 password
can consist of a lowercase letters and digits, how many
passwords are there that contain at least one digit?
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Password Counting Problem

P Revisit the password counting problem. If a length 6 password
can consist of a lowercase letters and digits, how many
passwords are there that contain at least one digit?

> 36° — 266
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Password Counting Problem

>

VVYy VvV VYV VvV VYVYY

Revisit the password counting problem. If a length 6 password
can consist of a lowercase letters and digits, how many
passwords are there that contain at least one digit?

36° — 26°

If we consider the number of digits:
0 digit: ($)10° - 26°

1 digits: (8)10* - 26°

2 digits: (5)102 - 26*
3 digits: (%)10% - 26°
4 digits: (3)10% - 262
5 digits: (2)10° - 26¢
6 digits: (3)10° - 26°

The total is (10 4+ 26)° by the binomial theorem.
Then, we get 36° — 26°.
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Theorem 3: Vandermonde's Identity (V1) [K.R. 6.4.3]

(mjn> B k’o <’:> (rfk>

Combinatorial proof:
» 0 <r < min(m,n).
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https://en.wikipedia.org/wiki/Vandermonde%27s_identity

Theorem 3: Vandermonde's Identity (V1) [K.R. 6.4.3]

m+n 4 m n
(")=2 (000
Combinatorial proof:
» 0 <r < min(m,n).
> For example, we select a committee of r people from m men
and n women.

» The direct answer is to select r people from m + n people,
(")
r
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https://en.wikipedia.org/wiki/Vandermonde%27s_identity

Theorem 3: Vandermonde's Identity (V1) [K.R. 6.4.3]

m+n 4 m n
(")=2 (000
Combinatorial proof:
» 0 <r < min(m,n).
> For example, we select a committee of r people from m men
and n women.

» The direct answer is to select r people from m + n people,
(")
r
» Or, we select k(< m) people from m men, and select r — k
people from n women, where k € [0, r].
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https://en.wikipedia.org/wiki/Vandermonde%27s_identity

Theorem 3: Vandermonde's Identity (VI)

0 < r < min(m,n).

For example, m=5, n=7, and r = 4.

(°F7) = 495

Zt:o (2) (4Zk) =

(0)(aZo) + () (1) + B) (aL2) + ) (L) + () (L)
=35+5%x354+10%x21+10%7+5

= 495
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Exercise

Show that if 1 < k < n, then k(Z):: n(Z:i)
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Exercise

Show that if 1 < k < n, then k(Z) = ”(Zj)

» Consider choosing a committee of k people with one
designated chairman from n people.

> Method 1: Choose k committee members from n people, (Z)
Then, choose one from k to be the chairman, (¥).

(W) () =+()
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Exercise

Show that if 1 < k < n, then k(Z) = ”(Zj)

» Consider choosing a committee of k people with one
designated chairman from n people.

> Method 1: Choose k committee members from n people, (Z)
Then, choose one from k to be the chairman, (¥).

(W) () =+()

> Method 2: First, choose the chairman from n people. Then
choose the remains k — 1 from n — 1 people.

G =0)
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Exercise

Show that if 1 < k < n, then k(;) = n(Z:i)

» Formal proof:
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Exercise

Show that if 1 < k < n, then k(Z) = n(Zj)

» Formal proof:

LHS = k(Z) = k(n—rl’:)!k! = (n—k)?(!k—l)!

n—1 n—1)! !
RHS =n(}~;) = n((nfl)f((kfl)))!(kfl)! = (nfk),!7(k71)!
Therefore, LHS = RHS.

Proved it.

| 2
>
>
>
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