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Properties of the determinant of matrices after applying
elementary row operations:

> Let B be a matrix after swapping two rows of A. Then
Al =—|Bl.
1 2
> = = —_— = —
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» Get matrix B after swapping row 1 and row 2 in A.
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Properties of the determinant of matrices after applying
elementary row operations:
> Let B be a matrix after multiplying a row of A by a scalar k.
Then |B| = k- |A|.
1 2

» = = — — —
A (3 4),|A 1%x4—3%2 2

» Get matrix B after multiplying row 1 of A by 2.

2 4
» = = — = —
B <3 4>,|B| 2%4—4%3 4
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Properties of the determinant of matrices after applying
elementary row operations:

> Let B be a matrix after multiplying some row of A by a scalar
and then adding it onto another row of A. Then |A| = |B|.

12
> = = — —_ —
A=(3 3) AI=1x4-352=-2

» Get matrix B after multiplying row 1 of A by —3 and then
adding it onto row 2 of A.

1 2
> = = —_ — g
B (o 2>,|B 1%(=2)—0%2=-2
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» Consider an equation of the form A-x = X\ - x where A is an
n X n matrix of knowns, x is an n x 1 vector of unknowns,
and A is an unknown scalar.

X1 A- X1
»> Note that if x = | : | then A-x = :
X A Xp

> If the equation is satisfied for some vector x where x is not a

null vector, then x is an eigenvector and A is an eigenvalue.
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0
P A-x=Ax = A-x—A-x=|:
0
0
> A-x—A-l-x=|:
0
0
» (A-X-1)-x=1:
0
» For non-null vectors x, we need to find A such that
|[A—X-I|=0.

» |A— X-1| =0 is called the characteristic equation of A.
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» We want to find A such that [A—\- /| =0.
a1 a2 a3

» Suppose A= | a1 ax ax3
d31 432 433

A0 O
> A-/=[0 XN O
0 0 A
ail— A an a3
» Then A—\-| = ani an — A an3
as1 ap  as— A
ait— A ar aiz
» Need to find X such that | an; an — A\ a3 | =0.

asi a2 asz — A
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» Example: Find the eigenvalues and eigenvectors of

4 1
A_(3 2).
4-\ 1
| 2 N —
A=\ <3 2_A>
4-) 1
3 2-2)
> So, (4—A\)(2-A)—3=0

.' ‘:0
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» Example: Find the eigenvalues and eigenvectors of
A 4 1
- \3 2)°
4 — )\ 1
> — A=
A=X-1 < 3 5_ )\>
4 — )\ 1
| 4 =
' 3 2 — )\‘ 0
» So, (4—N)(2—-))—-3=0
» Then, A=1, 5.
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» The eigenvalues of A = (g é) areA=1and A =5

0
> A-x=Ax—=(A=-X-1)-x=

X . .
> x = (xl> is the eigenvector.
2

» When A =1,

Q- (5 ) (-0

» So, 3x1 +x2 =0and 3x; +x2 =0 = x2 = —3x5.
X 1Y, (1 . |
> = = DY
X (—3x1> <_3> or < 3 ) or... (it is not unique)
4 1 1 1 1
A-x=Xx— <3 2> <3> 1 (3) <3>
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0
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> x= (;) is the eigenvector.
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» The eigenvalues of A = (g é) areA=1and A =5

0
> A-x=Ax—=(A=-X-1)-x=

X . .
> x= (xl> is the eigenvector.
2

» When \ = 5,

()= (57 1) (2)- ()

» So, —x1+x=0and 3x1 —3x =0 = x» = Xx3.

e (2) = (2) or () ot ot i
e300 0)- )
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> Exercise:
1 2 1
> 2 0 -2
-1 2 3
» The eigenvalues are A =0 and A = 2.
1
» When A=0, | -1
1
1

» When A=2, |0
1
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» The trace of an n x n matrix A, denoted tr(A), is the sum of
the values on the main diagonal of A.

> tl’(A) = air+axp+---+ ann.

» The sum of the eigenvalues of A is equal to tr(A).

> A—(g1 ;),tr(A)—4+2—6, M+A=1+5=6

» The product of the eigenvalues of A is equal to |A|.
> JA|=4%2-3%1=5 X -d=1.5=5



