Section 4.5
Composition of Functions



Function Composition

* Assume functions f:A > Band g:B - C
* Create a new function h: A - C
» where h(a) = g(f(a))
* Function h is the composition of functions f and g
* Instead of writing h(a) = g(f(a)), wecanwriteh =go f

* (9o f)a) =g(f(a))



Function Composition

* The composition of functions can be described by a diagram

 Example
« A={a,b,c}
+ B={1,2,3,4}
* C ={bear,cat,dog} fiA— B g:B - C

fla) =3 g(1) = cat
f(b) =1 g(2) = dog
flc) =4 g(3) = bear

g(4) = bear



Function Composition

* Example: Assume that f is a function that maps movie categories
to popularity and g is a function that maps movie titles to movie
categories

f:Movie—Category — {popular, not—popular}
g: Movie—Title - Movie—Category

f (science—fiction) = popular
g("Star Wars") = science—fiction



Function Composition

* Example continued: Then f o g is a function that maps movie
titles to their popularity

(f o g)("Star Wars") = f(g("Star Wars")) = popular



Function Composition

* Another example: Assume f:Z — Z and g: Z — Z where
f(x)=2x+3
g(x) =3x+ 2

e Then
(feg) =f(g(x)
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= Z(g(x)) + 3



Function Composition

* Another example: Assume f:Z — Z and g: Z — Z where
f(x)=2x+3
g(x) =3x+ 2

e Then
(feg) =f(g(x)

= Z(g(x)) + 3
=23x+2)+3



Function Composition

* Another example: Assume f:Z — Z and g: Z — Z where
f(x)=2x+3
g(x) =3x+ 2
* Then
(fo9) =f(g()
=2(g(x))+3
=2Bx+2)+3
=(6x+4)+3



Function Composition

* Another example: Assume f:Z — Z and g: Z — Z where

f(x)=2x+3
g(x) =3x+ 2
e Then
(feg) =f(gt)
= Z(g(x)) + 3
=2(3x+2) + 3
=(6x+4)+3

=6x+7



Function Composition

* Another example continued
* However

(g f) =g(f(x)



Function Composition

* Another example continued
* However
(g°f) = g(f()
=3(f(x)) + 2



Function Composition

* Another example continued
* However
(g°f) =g(f(x)

= 3(f(x)) + 2
=32x+3)+2



Function Composition

* Another example continued
* However
(g°f) =g(f(x)

=3(f(x))+2
=32x+3)+ 2
=(6x+9)+2



Function Composition

* Another example continued
* However
(g°f) =g(f()
=3(f(x)) + 2
=32x+3)+ 2
=(6x+9)+2
=6x + 11



Inverse of Function Composition

* Assume f: B — (C and g: A — B are one-to-one correspondences
and thus are invertible

(feg) ' (y) =x where (feg)(x) =y



Inverse of Function Composition

* Assume f: B — C and g: A — B are one-to-one correspondences
and thus are each invertible

(f e g)"'(y) = x where (feg)x) =y



Inverse of Function Composition
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Inverse of Function Composition

* Assume f: B — C and g: A — B are one-to-one correspondences
and thus are each invertible

(f e 9)71(y) = x where (feg)x) =y
fgx)) =y
Ffgx)) =)



Inverse of Function Composition

* Assume f: B — C and g: A — B are one-to-one correspondences
and thus are each invertible

(f e g)"'(y) = x where (feg)x) =y
flax)) =y

FAfgE)) =1

gx) =1y



Inverse of Function Composition

* Assume f: B — C and g: A — B are one-to-one correspondences
and thus are each invertible

(f e g)"'(y) = x where (feg)x) =y

fgx)) =y
FHflg@)) =10
gx) =)

g (gx) =97 (1)



Inverse of Function Composition

* Assume f: B — C and g: A — B are one-to-one correspondences
and thus are each invertible

(f e g)"'(y) = x where (feg)x) =y

fgx)) =y
FHflg@)) =10
gx) =)

g (gx) =97 (1)
x =g (f )



Inverse of Function Composition

* Assume f: B — C and g: A — B are one-to-one correspondences
and thus are each invertible

(f e g)"'(y) = x where (feg)x) =y

fgx)) =y
FHflg@)) =10
gx) =)

g (gx) =97 (1)
x =g (f )
x =g e f )



Inverse of Function Composition

* Assume f: B — C and g: A — B are one-to-one correspondences
and thus are each invertible

(f e g)"'(y) = x where (feg)x) =y

fgx)) =y
FHflg@)) =10
gx) =)

g 9®) =g (f )
x =g (f'»)
x =@ e f O
* Thus(fe @) () =@ o fHD O



Example 1

Assume f:B »> Cand g:A —> B

If f o g is one-to-one, must be f one-to-one? Must g be one-to-one?



Example 1

Assume f:B »> Cand g:A —> B

If f o g is one-to-one, must be f one-to-one? Must g be one-to-one?

No, f does not have to be one-to-one
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Example 1
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Example 1

Assume f:B »> Cand g:A —> B

If f o g is one-to-one, must be f one-to-one? Must g be one-to-one?

Yes, g must be one-to-one. Proof by contradiction:

1. Assume f o g is one-to-one

2. Assume g is not one-to-one

3. Therearea € Aand b € B suchthata # band g(a) = g(b)
4

fg(@) = f(g(b))



Example 1

Assume f:B »> Cand g:A —> B

If f o g is one-to-one, must be f one-to-one? Must g be one-to-one?

Yes, g must be one-to-one. Proof by contradiction:

Assume f o g is one-to-one
Assume g is not one-to-one
Therearea € Aand b € B suchthata # band g(a) = g(b)

f(g(a)) = f(g(b))
feg(la)=1f°g(b)
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Example 1

Assume f:B »> Cand g:A —> B

If f o g is one-to-one, must be f one-to-one? Must g be one-to-one?

Yes, g must be one-to-one. Proof by contradiction:

1. Assume f o g is one-to-one
2. Assume g is not one-to-one
3. Therearea € Aand b € B suchthata # band g(a) = g(b)

4. f(g(a)) = f(g(b))
feg(la)=1f°g(b)

f ° g is not one-to-one which contradicts f o g being one-to-one

o U



Example 1

Assume f:B »> Cand g:A —> B

If f o g is one-to-one, must be f one-to-one? Must g be one-to-one?

Yes, g must be one-to-one. Proof by contradiction:

1. Assume f o g is one-to-one
2. Assume g is not one-to-one
3. Therearea € Aand b € B suchthata # band g(a) = g(b)

4. f(g(a)) = f(g(D))
5. feg(a)=f°g(b)

6. f o gisnotone-to-one which contradicts f o g being one-to-one
/. g isone-to-one



Example 2

Assume f:B »> Cand g:A —> B

If f o g is onto, must be f onto? Must g be onto?
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Example 2

Assume f:B »> Cand g:A —> B

If f o g is onto, must be f onto? Must g be onto?

Yes, f must be onto. Proof by contradiction:

1. Assume f o g isonto
2. Assume f is not onto
3. Thereisac € C such that thereisno b € B suchthat f(b) =



Example 2

Assume f:B »> Cand g:A —> B

If f o g is onto, must be f onto? Must g be onto?

Yes, f must be onto. Proof by contradiction:

Assume f o g is onto
Assume f is not onto
Thereisa c € C such thatthereisno b € B suchthat f(b) = ¢

Then thereisno a € A suchthat f(g(a)) =c

B whh e



Example 2

Assume f:B »> Cand g:A —> B

If f o g is onto, must be f onto? Must g be onto?

Yes, f must be onto. Proof by contradiction:

Assume f o g is onto

Assume f is not onto

Thereisa c € C such thatthereisno b € B suchthat f(b) = ¢
Then thereisno a € A suchthat f(g(a)) =c

f o g is not onto which contradicts the assumption that it is onto
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Example 2

Assume f:B »> Cand g:A —> B

If f o g is onto, must be f onto? Must g be onto?

Yes, f must be onto. Proof by contradiction:

Assume f o g is onto

Assume f is not onto

Thereisa c € C such thatthereisno b € B suchthat f(b) = ¢
Then thereisno a € A suchthat f(g(a)) =c

f o g is not onto which contradicts the assumption that it is onto
f isonto

oOUnsEWwNPE



Example 2

Assume f:B »> Cand g:A —> B

If f o g is onto, must be f onto? Must g be onto?

No, g does not have to be onto.
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