Section 8.4
Mathematical Induction



Principle of Mathematical Induction

* Let the domain of discourse be the positive integers
* For a predicate P, we wish to prove VnP(n)

* To do this we first prove the predicate for the smallest positive
integer, P(1)

* Then we prove that if the predicate is true for k, P(k), then it is also
true for k + 1:

P(k) - P(k + 1)



Principle of Mathematical Induction

* If we prove both P(1) and Vk(P(k) —» P(k + 1)), then it must be
the case that

vnP(n)
Because we have P(1)
and we have P(2) because P(1) and P(1) — P(2)
and we have P(3) because P(2) and P(2) — P(3)
and we have P(4) because P(3) and P(3) = P(4)




Proofs by Induction

* Example: Prove VnP(n) by mathematical induction on the positive
integers where
n(n+1)
2

P(n)is X i=

1. Base case: Prove P(1)

1
1+ 1)
21_1_ 2

=1




Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

Note that P(k) is Y5, i = k(k2+1)

and P(k +1)is Ykt = (k+1)2(k+2)




2.

Proofs by Induction

Induction step: Prove P(k) - P(k+ 1)

Note that P(k) is

and P(k + 1) is ),

k k(k+1)
i=1l =
2
k1 _ (KD (K+2)

i=1 L

2

We assume this



2.

Proofs by Induction

Induction step: Prove P(k) - P(k + 1)
Note that P(k) is Y5, i =

and P(k +1)is

k(k+1)
2

Z].(+11i — (k+1)(k+2)
[=

2

We assume this

We must conclude this



2.

Proofs by Induction

Induction step: Prove P(k) - P(k+ 1)

Note that P(k) is Y5, i =

and P(k + 1) is $K41i =

ks
i=1l =

k+1:
i=1 L =

1+2+-+k

1+2+-+k

k(k+1)
2
(k+1)(k+2)

2

+ (k + 1)



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
k(k+1)
2

1. Assume Y¥ . i=



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

k(k+1)

2

k(k+1)
2

1. Assume Y¥ . i=

+ (k+ 1)



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
k(k+1)

2
k(k+1)

1. AssumeYr .i=

2. YK i+ (k+1)=

+ (k+ 1)

3. Skt =2 (k4 1)




Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
k(k+1)

2
k(k+1)

1. Assume Y¥ . i=

2. YK i+ (k+1)=

+ (k+ 1)

3. Skt =2 (k4 1)

_ k(k+1) 4 20t D)
2 2




2.

Proofs by Induction

Induction step: Prove P(k) - P(k+ 1)

1. Assume Y¥ . i= k(k;l)
2. TR i+ (+1) =222 (k1)
3. Skt =2 (k4 1)
" _ kOer) | 20k4)
2 2
5 _ k®+k | 2k+2

2 2



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
k(k+1)

2
k(k+1)

1. Assume Y¥ . i=

2. Yk i+ (k+1)=

+ (k+ 1)

3. Skt =2 (k4 1)

" _ k(k+1) 4 20t D)
2 2
2
5 _ KP4k | 2k+2
2 2

k2+3k+2
6. — -




Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

k(k+1)

2

k(k+1)
2

1. Assume Y¥ . i=

2. Yk i+ (k+1)= +k+1)

3. Skt =2 (k4 1)

a _ k(k+1) n 2(k+1)
2 2
2
5. _ k“+k 2k+2
2 2
2
6. _ k“+3k+2
2
_ (k+1)(k+2)

2



Proofs by Induction

* Example 2: Prove VnP(n) by mathematical induction where

P(n) is "The sum of the first n odd positive integers is n?"

P(1)is1 =12
P(2)is1+ 3 = 2°
P(3)is1+3+5 =32
P(4)is1+3+5+7 =42



Proofs by Induction

* Example 2: Prove VnP(n) by mathematical induction on the positive
integers where

P(n) is "The sum of the first n odd positive integers is n?"

n | nth odd number
P(1)is1 =12 1 1
P(2)is1+ 3 = 22 2 3
P(3)is1+3+5 =32 3 >
P(4)is1+3+5+7 = 42 4 /

k 2k — 1



Proofs by Induction

* Example 2: Prove VnP(n) by mathematical induction on the positive
integers where

P(n) is "The sum of the first n odd positive integers is n?“

1. Base case: Prove P(1)
1=1°



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
Note that P(k)is1+ 3 + -+ (2k — 1) = k*
andP(k+1)is1+3+-+ QRk—1)+ 2k+1)=(k+1)?



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
Note that P(k) is|1 + 3 + -+ (2k — 1) = k*
andP(k+1)is1+3+ -+ k-1 + 2k+1)=(k+1)?

We assume this




2.

Proofs by Induction

Induction step: Prove P(k) - P(k+ 1)
Note that P(k)is1+ 3 + -+ (2k — 1) = k*

and P(k + 1) is

1+3+-+QRk—-1)+Rk+1)=(k+1)?

We must conclude this

21



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
Note that P(k) is|1 + 3 + -+ (2k — 1)|= k*
and P(k+1)is|l1+3+ -+ Qk—1)+ 2k +1) = (k + 1)?




Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

1. Assume1l+3+ -+ 2k —1) = k*



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

1. Assume1l+3+ -+ 2k —1) = k*
2. 1+34+ -+ QRk—-1D+QRk+1) =k*+ 2k +1)



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

1. Assume1l+3+ -+ 2k —1) = k*
2. 1+34+ -+ QRk—-1D+QRk+1) =k*+ 2k +1)
3. = (k+ 1)(k + 1)



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

1. Assume1l+3+ -+ 2k —1) = k*

2. 1+34+ -+ QRk—-1D+QRk+1) =k*+ 2k +1)
3. = (k+ 1)(k + 1)
4. = (k + 1)?



Induction on the Natural Numbers

* If the domain of discourse changes from the positive integers
{1,2,3, -} to the natural numbers {0, 1, 2, --- }, then to prove

vnP(n)

by induction, we must start with the smallest natural number. So we
prove

P(0)
and we still prove
P(k) > P(k+1)



Proofs by Induction

* Example 3: Prove VnP(n) by mathematical induction on the natural
numbers where

P(n)isYr, 2t =21 —1

1. Base case: Prove P(0)
—o2l=2=1=2'-1



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
Note that P(k) is i, 2t = 2k+1 — 1
and P(k + 1) is X412t = 2k+2 —q



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
Note that P(k) is Zi'{:o 2 — 2k+1 _ 1 We assume this
and P(k + 1) is Y7 28 = 2k+2 — 1




Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)
Note that P(k) is Zi'{:o 2l — 2k+1 _ 1 We assume this
and P(k + 1) is Y itl2t = 2k+2 —q We must conclude this




2.

Proofs by Induction

Induction step: Prove P(k) - P(k+ 1)
Note that P(k) is i, 2t = 2k+1 — 1
and P(k + 1) is X412t = 2k+2 —q

Z{onzi =204 21 4 ... 4 Dk

Zé‘:()l 20 =204 21 4 ... 4 2k 4 Dk+l



2.

Proofs by Induction

Induction step: Prove P(k) - P(k+ 1)
Note that P(k) is i, 2t = 2k+1 — 1
and P(k + 1) is X412t = 2k+2 —q

20 421 4 ... 4 2K

Zéc;ol Zi —

20 421 4 ... 4 2K

+ 2k+1



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

1. Assume Y5 2t = 2k+1 —1



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

1. Assume Y5 2t = 2k+1 —1

2. Z?:O Zi 1 2k+1 — 2k+1 — 1+ 2k+1



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

1. Assume Y5 2t = 2k+1 —1
2. Zii 0 Zi 2k+1 _ 2k+1 — 1+ 2k+1
3. 2k+1 21 — 2k+1 1+ 2k+1



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

. Assume YK 2t = 2k+1 1
. K 2i g 2kl = k1 q 4 gk
L SkFIpl = k¥l g 4 okt
— ok+1 4 ok+1 _ 1

> w N



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

. Assume YK 2t = 2k+1 1

. K 2i g 2kl = k1 q 4 gk
L SkFIpl = k¥l g 4 okt

— ok+1 4 ok+1 _ 1
=221 -1



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

1. Assume Y5 2t = 2k+1 —1

2. Zii 0 Zi 2k+1 _ 2k+1 — 1+ 2k+1
3. 2k+1 21 — 2k+1 1+ 2k+1

4. — 2k+1 + 2k+1 . 1

5. — 2. 2k+1 —1

6. = 2k+2 _ 1



Proofs by Induction

* Example 4: Prove VnP(n) by mathematical induction on the natural
numbers where

n+1_

ar a

P(n)isYt gar! =ar® +ar' + -+ ar™ = —— whenr # 1
1. Base case: Prove P(0)
a(r—-1) ar—a ar’'-a

0
arjza = =
- r—1 r—1 r—1

J=0



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

ark+1

—a
r—1

k+2

Note that P(k) is Xf_qar/ =

ar —a

r—1

and P(k + 1) is Y25 ar/ =



2.

Proofs by Induction

Induction step: Prove P(k) - P(k+ 1)

Note that P(k) is

T'k+1—

and P(k + 1) is

k ] . a a

J=0 r—1
k1 arj _ arkt2_g
J=0 r—1

We assume this

We must conclude this

44



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

. . ark+1_a

Note that P (k) is Xf_o ar/ = ——
k+2 __

and P(k + 1) IS k+1 arf arr—l -

k

Tooar! = ar k

‘+arl + - +ar

k+1
J=0

0 k+1

ar! = ar%+arl + -+ ar® + ar



Proofs by Induction

2. Induction step: Prove P(k) - P(k+ 1)

. . ark+1_a

Note that P (k) is Xf_o ar/ = ——
k+2 __

and P(k + 1) IS k+1 arf arr—l -

k

T_oar! =|ar k

‘+arl + - +ar

0 k k+1

oar! =lar®+art + -+ ar® + ar




Proofs by Induction

2. Induction step: Prove P(k) - P(k + 1)



Proofs by Induction

2. Induction step: Prove P(k) - P(k + 1)

k+1

ar —a

1. Assume Z?"':o ar! = ——



Proofs by Induction

2. Induction step: Prove P(k) - P(k + 1)

k+1

ar —a

1. Assume Z?"':o ar! = ——

2. ¥ gar) +arktt = — + arktl




Proofs by Induction

2. Induction step: Prove P(k) - P(k + 1)

i k+1_
1. Assume YX_ ari =& a
ZJ:O r—1
k+1
; ar —a
2. ¥ gar) +arktt = —— +ar®*?
k+1
: ar —a
3. k+1 ar_] — _I_ a,r.k+1

J=0 r—1



Proofs by Induction

2. Induction step: Prove P(k) - P(k + 1)

; k+1_
1. Assume Y¥_ ar/ =T —
ZJ:O r—1
k+1
j ar —a
2. ¥ gar) +arktt = —— +ar®*?
k+1
1 ar —a
3. Yjarl = + arktl
r—1
4 _arktl_q  (r-1)(arkt?)

r—1 r—1



Proofs by Induction

2. Induction step: Prove P(k) - P(k + 1)

k+1

1. Assume Y¥_ ar/ = 21—
ZJ:O r—1
k+1
j ar —a
2. ¥ gar) +arktt = + arktl
r—1
k+1
1 ar —a
3. Yjarl = + arktl
r—1
4 _arktl_q  (r-1)(arkt?)
. -1 r—1
5 . ark+1_a rark+1_ark+1

r—1 r—1



Proofs by Induction

2. Induction step: Prove P(k) - P(k + 1)

k+1

1. Assume Yk _ qri =& ¢
ZJ:O r—1
k+1
; ar —a
2. ¥ gar) +arktt = —— +ar®*?
k+1
: ar —a
r—1
k+1 k+1
ar*tt—a . (r—1)(ar
r—1 r—1
5 . a,rk+1_a Tark"'l—ark"'l
' T r—1 r—1
6 . ark+2—a

r—1
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