Section 3.6
Cartesian Products



Unordered Sets

e Sets are unordered
{1,2,3} =1{2,3,1}



Ordered N-Tuples

* Sometimes the order of items is important such as when we want to
talk about the first, second, and third place finishers of a race

1st | Chris
2nd | Stacy
3rd | Sandy

* In this case, we can use an ordered triple:
(Chris, Stacy, Sandy)

* Note that we use parentheses instead of the curly braces used for
sets



Ordered N-Tuples

* In general, to establish an order of n items, we use an ordered n-
tuple

(al' Az, ", an)
* Since the order matters:
(Chris, Stacy, Sandy) # (Stacy, Sandy, Chris)



Ordered N-Tuples

* Unlike sets, repetition is allowed in ordered n-tuples

 Example: what are the different ways that some one can give you 7-
cents using 3 coins?

(penny, penny, nickel)
(penny, nickel, penny)
(nickel, penny, penny)



Ordered N-Tuples

 Two n-tuples are equal if they have the same items in the same order:

(al' aZIH"an) — (b1;b2;'°';bn)
if and only if
Vl(lSlSn*alzbl)



Cartesian Product

* The cartesian product of two sets A and B, A X B, is the set
containing all of the ways that a member of A can be paired with a
member of B.

AXB={(a,b)|a€eAandb € B}

* Note that (a, b) is an ordered pair (2-tuple)



Cartesian Product

* What is {chocolate, vanilla, strawberry} X {ice cream, milkshake}?

* A table may be helpful:

ice cream milkshake
chocolate (chocolate, ice cream) | (chocolate, milkshake)
vanilla (vanilla, ice cream) (vanilla,milkshake)
strawberry (strawberry,ice cream) | (strawberry,milkshake)




Cartesian Product

* What is {chocolate, vanilla, strawberry} X {ice cream, milkshake}?

{chocolate, vanilla, strawberry} X {ice cream, milkshake}
= {(chocolate, ice cream), (chocolate, milkshake),
(vanilla, ice cream), (vanilla, milkshake),
(strawberry, ice cream), (strawberry, milkshake)}



Cartesian Product

* Any finite number of sets can be combined using the cartesian
product:

Al X AZ X oo X ATL — {(al, az,"'an) | a1 = Al' az € Az,"'an € An}



Cartesian Product

* Example

{1,2} x{a,b} x{X} x{3,c} ={(1,a0,X,3),(1,a,X,c),(1,b,X,3),(1,b,X,c),
(2,a,X,3),(2,a,X,c),(2,b,X,3),(2,b,X,c)}



Cartesian Product
* The cartesian product of a set A with itself is abbreviated as A?
A2 =AxA={(a,b)|a€ Aand b € A}

* In general:
A=A XA XX A
l

l

1
n times



Cartesian Product

e Cartesian products are not always finite. Recall that N is the set of natural
numbers, {0,1,2,3, ...}

N XN
= {(0,0),(0,1),(0,2),...,(1,0),(1,1),(1,2),...(2,0),(2,1),(2,2), ..., ... }



Sets of N-Tuples

* The cartesian product of sets A and B, A X B, contains all possible
pairs of values from A and B

AXxB ={(a,b)|a€ Aandb € B}

* It is possible to have subsets of A X B



Sets of N-Tuples

* Example: Let A = {a,b,c}and B = {1, 2}
cAXB={(a1), (a,2), (b1), (b2), (c,1),(c,2)}

{(a,1),(b,1),(c,1)} €S AXB

fa,c} x {2} € AXB



Example 1

* Whatis @ X {x,y,z}?



Example 1

* Whatis @ X {x,y,z}?
c AXB={(a,b)|a€eAdand b € B}

*OXx,y,2} =0



Example 2
e Provethatif A€ Cand B E DthenAXBC(C XD



Example 2
e Provethatif A€ Cand B E DthenAXBC(C XD

e AC Cmeansifx € Athenx € C

* BS Dmeansifx € Bthenx €D

e AXBC(CXDmeansif(x,y) €EAXBthen(x,y) € C XD
* (x,y) EAXBmeansx € Aandy €B

* (x,y)ECXDmeansx € Candy €D



Example 2
e Provethatif A€ Cand B E DthenAXBC(C XD

First, try using a few sets

* A={xy}
« B={1,2}
* C={xy,z}
« D ={1,2,3}

* AXB={(x1),(x2),1),( 2)}
* CXD={(x1),(x2),(x3),y1),%2),»3),z1),z2),z3)}



Example 2
* Provethatif A€ Cand BE DthenAXB <€ (C XD

1. AssumeA < CandB € D



Example 2
* Provethatif A€ Cand BE DthenAXB <€ (C XD

1. AssumeACS CandB €D
2. Assume (x,y) EAXB



Example 2
* Provethatif A€ Cand BE DthenAXB <€ (C XD

1. AssumeA S CandB S D
2. Assume (x,y) EAXB
3. xeAandy€eB



Example 2
* Provethatif A€ Cand BE DthenAXB <€ (C XD

AssumeA S Cand B © D

Assume (x,y) € A X B

x€Aandy €B

x €ECandy € D becauseAS CandB < D

W N e



Example 2
* Provethatif A€ Cand BE DthenAXB <€ (C XD

AssumeA S Cand B © D

Assume (x,y) € A X B

x€Aandy €B

x €ECandy € D becauseAS CandB < D
(x,y) €ECXD

A



Example 2
* Provethatif A€ Cand BE DthenAXB <€ (C XD

Assume AcS CandBCS D

Assume (x,y) € A X B

x€Aandy €B

x €ECandy € D becauseAS CandB < D
(x,y) €ECXD

If (x,y) € AX Bthen(x,y) €C XD

o vk wh e



Example 2
* Provethatif A€ Cand BE DthenAXB <€ (C XD

Assume AcS CandBCS D

Assume (x,y) € A X B

x€Aandy €B

x €ECandy € D becauseAS CandB < D
(x,y) €ECXD

If (x,y) € AX Bthen(x,y) €C XD
AXBCS(CXxXD

N o U s whE



Example 2
* Provethatif A€ Cand BE DthenAXB <€ (C XD

1. AssumeA S CandB S D

2. Assume (x,y) EAXB

3. xeAandy€eB

4, xe€Candy € D becauseAS CandB S D
5. (x,y)eCXxD

6. If(x,y) € AXBthen(x,y) €C XD

7. AXBC(CXD

8. fAS CandB<S DthenAXB<c(CXD



Example 3

* Prove that if A, B, and C are nonempty setsand A X B =
AXCthenB =C
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* Prove that if A, B, and C are nonempty setsand A X B =
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1. Assume A4, B, and C are nonempty setsand A X B =AXC

2. a € Aforsomeain A since A is not empty
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Example 3

* Prove that if A, B, and C are nonempty setsand A X B =
AXCthenB =C
1. Assume A4, B, and C are nonempty setsand A X B =AXC
2. a € Aforsomeain A since A is not empty
3. Assumex € B
4. (a,x) EAXB
(a,x) eAXC



Example 3

* Prove that if A, B, and C are nonempty setsand A X B =
AXCthenB =C

1. Assume A4, B, and C are nonempty setsand A X B =AXC

2. a € Aforsomeain A since A is not empty

3. Assumex € B

4. (a,x) EAXB

5. (a,x) EAXC

6. x€e€C



Example 3

* Prove that if A, B, and C are nonempty setsand A X B =
AXCthenB =C

1. Assume A4, B, and C are nonempty setsand A X B =AXC
2. a € Aforsomeain A since A is not empty
3. Assumex € B
4. (a,x) EAXB
5. (a,x) EAXC

6. x€e€C

7. Ifxe Bthenxe(C



Example 3

* Prove thatif A, B, and C are nonemptysetsand A XB=AXC
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* Prove thatif A, B, and C are nonemptysetsand A XB=AXC
then B =C

8. Assumex € C

9. (a,x) EAXC
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11. x €B
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Example 3

* Prove thatif A, B, and C are nonemptysetsand A XB=AXC
then B =C

8. Assumex € C

9. (a,x) EAXC

10. (a,x) € AXB

11. x €B

12. f x e Cthenx € B

13. x e Bifandonlyifx € C

14. B=C

15. if A, B, and C are nonempty setsand AX B =A X (CthenB =C
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